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�� Introduction

In the theory of complex geometry� the complete K�ahler manifolds
with positive holomorphic bisectional curvature have been studied for
many years� If M is a complete compact K�ahler manifold of complex
dimension n with positive holomorphic bisectional curvature� people
conjectured that M is biholomorphic to CP

n� This was the famous
Frankel Conjecture and was solved by Mori ���� and Siu�Yau ���� in
	
�
� In the case where M is noncompact� Greene�Wu �	�� and Yau
have the following conjecture

Conjecture� SupposeM is a complete noncompact K�ahler manifold
with positive holomorphic bisectional curvature� Then M is biholomor�
phic to C n �

Several results concerning this conjecture were obtained in the past
few years� In 	
�	� N� Mok� Y�T� Siu and S�T� Yau ��	� proved the
following theorem

Theorem� Suppose M is a complete noncompact K�ahler manifold
of complex dimension n � � with bounded and nonnegative holomorphic
bisectional curvature� Suppose M is a Stein manifold� Suppose there
exist constants � � ��C�� C� � �� such that

�i� Vol�B�x�� ��� � C��
�n� � � � � ���

�ii� � � R�x� � C�

��x� x�����
� x �M�
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where B�x�� �� denotes the geodesic ball of radius � and centered at x��
Vol�B�x�� ��� denotes the volume of B�x�� ��� R�x� denotes the scalar
curvature� and ��x� x�� denotes the distance between x and x�� Then M
is isometrically biholomorphic to C n with the �at metric�

The method used in Mok�Siu�Yau�s paper ��	� is the study of the
Poincar�e�Lelong equation on complete noncompact K�ahler manifolds�
Their result was improved by N� Mok ���� in 	
��� In his paper ���� Mok
used some algebraic geometrical techniques to control the holomorphic
functions of polynomial growth on M and obtained the following result

Theorem� SupposeM is a complete noncompact K�ahler manifold of
complex dimension n with bounded and positive holomorphic bisectional
curvature� Suppose there exist constants � � C�� C� � �� such that

�i� Vol�B�x�� ��� � C��
�n� � � � � ���

�ii� � � R�x� � C�

��x� x���
� x �M�

Then M is biholomorphic to an a�ne algebraic variety�

Under the direction of S�T� Yau� the author of this paper proved the
following result in his Ph�D� thesis ���� in 	

�

Theorem ���� Suppose M is a complete noncompact K�ahler man�
ifold of complex dimension n with bounded and positive holomorphic
bisectional curvature� Suppose there exist constants � � C�� C� � ��
such that

�i� Vol�B�x�� ��� � C��
�n� � � � � ���

�ii�

Z
B�x����

R�x�dx � C�

��
�Vol�B�x�� ���� x� �M� � � � � ���

Then M is biholomorphic to C n �

The method which we used in ���� to prove Theorem 	�	 is the study
of the following Ricci �ow evolution equation of the metric on M 

�	�
�

�t
gij�t� � ��Rij�t��

where gij�t� is a family of metrics� and Rij�t� denotes the Ricci curvature
of gij�t�� Evolution equation �	� was originally developed by R�S� Hamil�
ton ���� in 	
��� Using evolution equation �	� Hamilton proved ���� that
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one can deform the metric on compact three�dimensional Riemannian
manifolds with positive Ricci curvature to a metric with constant sec�
tional curvature� Many papers which are related to evolution equation
�	� have been published since 	
��� For examples one can see �
�� �	���
����� ����� ����� ����� ��	� and �����

In ���� we proved that under the assumption of Theorem 	�	� the
evolution equation �	� has a solution gij�t� for all time � � t � ���
and the curvature of gij�t� tends to zero as time t �� ��� We then
constructed a �at K�ahler metric on M � Thus we know that M is bi�
holomorphic to C n �

After the graduation of the author from Harvard University in 	

��
we continue to work to improve the result in Theorem 	�	� We have
already found that under some weaker assumptions than that of The�
orem 	�	� the evolution equation �	� still has a solution gij�t� for all
time � � t � ��� But to study the behavior of the solution gij�t�
as the time t �� �� is a complicated problem� This problem is now
partially solved by the use of the results of Andersen�Lempert �	� and
Forstneric�Rosay �	�� in 	

� and 	

�� In their papers �	� and �	��
some approximations of biholomorphic mappings by automorphisms of
C n were obtained� With the help of their results� we are going to prove
the following main result in this paper

Theorem ���� Suppose M is a complete noncompact K�ahler mani�
fold of complex dimension n with bounded and positive sectional curva�
ture� Suppose there exist constants � � �� C� � �� such thatZ
B�x����

R�x�dx � C�

�� � 	����
�Vol�B�x�� ���� x� �M� � � � � ���

Then M is biholomorphic to a pseudoconvex domain in C n �

Because Cn is biholomorphic to some proper subdomains � of C n

when n � �� These domains � are called Fatou�Bieberbach domains�
For examples of Fatou�Bieberbach domains one can see Bochner�Martin
���� Dixon�Esterle �	�� and Rosay�Rudin ����� Thus to construct a bi�
holomorphic map from the manifold M onto C n is somehow di�cult� If
we can prove that the pseudoconvex domain which the manifold M is
biholomorphic to in Theorem 	�� is a Fatou�Bieberbach domain� then
we know that the manifold M in Theorem 	�� is actually biholomorphic
to Cn � This might be a topic for the future study�

In this paper� x��x� are modi�cations of the techniques appeared
in ���� in 	

�� Therefore� x��x� of this paper can be regarded as a
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modi�ed version of the author�s thesis ����� The result in Theorem
	�	 of this paper was announced in ����� The author would like to
thank Professor S�T� Yau for his suggestions and encouragement during
my Ph�D� degree study program at Harvard University� The thanks
are also due to Department of Mathematics� Harvard University and
Alfred P� Sloan Foundation for their �nancial support during the proof
of Theorem 	�	 in 	
�
 and 	

��

x
 of this paper contains an application of the results of Andersen�
Lempert �	� and Forstneric�Rosay �	�� in 	

� and 	

�� With the
help of their results on approximations of biholomorphic mappings by
automorphisms of C n � we complete the proof of Theorem 	���

We talked about the result of this paper in the Workshop on Rieman�
nian Metrics Satisfying Curvature Equations held at MSRI at Berkeley
in September� 	

�� and also in the Midwest Several Complex Variables
Conference held at Purdue University in May� 	

��

�� Short time existence for the evolution equation

Suppose M is a Riemannian manifold with the metric

�	� ds� � gij�x�dxidxj � ��

We use fRijklg to denote the Riemannian curvature tensor of M � and
let

Rij � gklRikjl� R � gijRij � gijgklRikjl

be the Ricci curvature and scalar curvature respectively� where �gij� �
�gij�

���
For any two tensors such as fTijklg and fUijklg de�ned on M � we

have the inner product

� Tijkl� Uijkl �� gi�gj�gk�gl�TijklU�����

The norm of fTijklg is de�ned as follows

jTijklj� �� Tijkl� Tijkl � �

We use rTijkl to denote the covariant derivatives of the tensor fTijklg
with respect to the metric ds�� and rmTijkl to denote all of the m�th
order covariant derivatives of fTijklg�
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Using the evolution equation to deform the metric on any real n�
dimensional Riemannian manifold �M� gij�

���
�

�t
gij � ��Rij �

the �rst important thing we have to consider is the short time existence
for the solution of the evolution equation ���� In the case where M is
a compact Riemannian manifold� Hamilton in ���� proved that for any
given initial data metric gij on M � the evolution equation ��� always
has a unique solution for a short time interval� In the case where M is
a complete noncompact Riemannian manifold� the short time existence
for the solution of evolution equation ��� is not true in general� It is easy
to �nd a complete noncompact Riemannian manifold �M� gij� such that
on which the evolution equation ��� does not have any solution for an
arbitrarily small time interval� If we assume that the curvature tensor on
M is bounded by some constant� then the short time existence theorem
for the solution of evolution equation ��� was proved by the author in
����� We have

Theorem ���� Suppose �M� gij�x�� is an n�dimensional complete
noncompact Riemannian manifold with its Riemannian curvature tensor
fRijklg satisfying

��� jRijklj� � k�� on M�

where � � k� � �� is a constant� Then there exists a constant
T �n� k�� � � depending only on n and k� such that the evolution equa�
tion

���

�
�
�t
gij�x� t� � ��Rij�x� t��

gij�x� �� � gij�x�� �x �M

has a smooth solution gij�x� t� � � for a short time � � t � T �n� k���
and satis�es the following estimates� For any integersm � �� there exist
constants C�n�m� k�� � � depending only on n� m and k� such that

sup
x�M

jrmRijkl�x� t�j� � C�n�m� k��

�
	

t

�m
�

� � t � T �n� k������
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Proof� This is Theorem 	�	 in ����� q�e�d�

More explicitly we have the following corollary

Corollary ���� Suppose �M� gij�x�� is an n�dimensional complete
noncompact Riemannian manifold with its Riemannian curvature tensor
fRijklg satisfying

jRijklj� � k�� on M�

where � � k� � �� is a constant� Then there exists a constant � �
���n� � �� depending only on n such that the evolution equation 	
�
has a smooth solution gij�x� t� � � for a short time � � t � ���n��

p
k�

and satis�es the following estimates� For any integersm � �� there exist
constants C�n�m� � � depending only on n and m such that

sup
x�M

jrmRijkl�x� t�j� � C�n�m� � k�
tm

�

for � � t � ���n�p
k�

����

Proof� If k� � 	� Corollary ��� follows directly from Theorem ��	� If
k� �� 	� we de�ne a new metric on M 

��� �gij�x� �
p
k�gij�x�� x �M�

We use f �Rijkl�x�g and �r to denote� respectively� the Riemannian cur�
vature tensor and the covariant derivative with respect to �gij�x�� From
the de�nition of �gij�x� it follows that

��� j �Rijkl�x�j� � 	� on M�

Using Theorem ��	 we know that the evolution equation

�
�

�
�
�t

�gij�x� t� � �� �Rij�x� t��

�gij�x� �� � �gij�x�� �x �M

has a smooth solution �gij�x� t� � � for a short time � � t � ���n�� where
� � ���n� � �� depends only on n� We still have

�	�� sup
x�M

j �rm �Rijkl�x� t�j� � C�n�m�

tm
� � � t � ���n��
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for all integers m � �� Now we de�ne

�		� gij�x� t� �
	p
k�

�gij�x�
p
k�t�� x �M� � � t � ���n�p

k�
�

Then it is easy to see that gij�x� t� � � is a smooth solution of the
evolution equation ��� on � � t � ���n��

p
k� and satis�es ��� for any

integers m � �� q�e�d�

Lemma ���� Suppose M is an n�dimensional complete noncompact
Riemannian manifold� and gij�x� t� � � are smooth Riemannian metrics
de�ned on M 	 ��� T �� where � � T � �� is an arbitrary constant�
Suppose the following assumptions hold�

�

�t
gij�x� t� � ��Rij�x� t�� on M 	 ��� T ���	��

sup
M����T 	

jRijkl�x� t�j� � k���	��

where � � k� � �� is a constant� Then for any integers m � 	� there
exist constants � � c�n�m� � �� depending only on n and m such that

e��n
p
k�Tgij�x� �� � gij�x� t� � e�n

p
k�Tgij�x� ����	��

x �M� � � t � T�

sup
x�M

jrmRijkl�x� t�j� � c�n�m�

�
k� �

�
	

t

�m
� k

m
� ��
�

�
��	��

� � t � T�

Proof� We can assume without lose of generality that k� � 	� If
k� �� 	� we can use the rescaling technique as what we did in the proof
of Corollary ���� Thus we only need to prove Lemma ��� for the case
k� � 	� From �	�� it follows that

�	�� jRijkl�x� t�j� � 	� on M 	 ��� T ��

Thus

�	�� jRij�x� t�j� � n�� on M 	 ��� T ��

which� together with �	��� yields����� ��tgij�x� t�
����� � �n� on M 	 ��� T ��

� �ngij�x� t� � �

�t
gij�x� t� � �ngij�x� t�� on M 	 ��� T ��
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e��ntgij�x� �� � gij�x� t� � e�ntgij�x� ��� on M 	 ��� T ���	��

Since � � t � T � from �	�� it follows that

e��nT gij�x� �� � gij�x� t� � e�nT gij�x� ��� on M 	 ��� T ��

Thus �	�� is true for the case k� � 	� q�e�d�

Using �	��� �	�� and the same arguments as what we used in the
proof of Lemma ��	 in ���� we know that there exists a constant � �

��n� � �� depending only on n such that for any integers m � 	� we
have

�	
� sup
x�M

jrmRijkl�x� t�j� � c�n�m�

tm
� � � t � ��n��

where � � c�n�m� � �� are constants depending only on n and m�
If T � ��n�� then �	�� is already true for the case k� � 	 by �	
�� If

T � ��n�� for any t� � ���n�� T �� we de�ne a new metric

���� �gij�x� t� � gij�x� t�t����n��� x �M� ��n��t� � t � T���n��t��

Combining �	��� �	�� and ���� gives

�

�t
�gij�x� t� � �� �Rij�x� t�� � � t � T � ��n�� t����	�

j �Rijkl�x� t�j� � 	� on M 	 ��� T � t� � ��n�������

where we have used f �Rijkl�x� t�g to denote the curvature tensor of
�gij�x� t�� Thus by the same reason as �	
� we get

���� sup
x�M

j �rm �Rijkl�x� t�j� � c�n�m�

tm
� � � t � ��n�� m � 	�

Combining ���� and ���� yields

���� sup
x�M

jrmRijkl�x� t�j� � c�n�m�

�
	

t � t� � ��n�

�m

�

for all integers m � 	 and t� � ��n� � t � t�� Now we let t � t�� from
���� it follows that

���� sup
x�M

jrmRijkl�x� t��j� � c�n�m�

�
	

��n�

�m

�
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Since t� � ���n�� T � is arbitrary� by ���� for any integers m � 	� there
exist constants � � �c�n�m� � �� depending only on n and m such
that

���� sup
x�M

jrmRijkl�x� t�j� � �c�n�m�� ��n� � t � T�

Combining �	
� and ���� we know that �	�� is true for any T for the
case k� � 	� and hence complete the proof of Lemma ����

Now we start to discuss K�ahler manifolds case� Suppose M is a com�
plete K�ahler manifold of complex dimension n with the K�ahler metric

���� d�s� � �g��dz
�dz� � ��

where z � fz�� z�� � � � � zng denotes the local holomorphic coordinate on
M � Suppose

����

����	
zk � xk �

p�	xk�n�

k � 	� �� � � � � n�

xk � R� xk�n � R�

Then x � fx�� x�� � � � � x�ng is the local real coordinate on M � Usually
we use 	� 
� �� �� � � � � etc� to denote the indices corresponding to holo�
morphic vectors or holomorphic covectors� 	� 
� �� �� � � � � etc� the indices
corresponding to antiholomorphic vectors or antiholomorphic covectors�
and i� j� k� l� � � � � etc� the indices corresponding to real vectors or real
covectors� Suppose in the real coordinate x � fxig the K�ahler metric
���� can be written as

��
� d�s� � �gij�x�dxidxj � ��

Then ��
� is a complete Riemannian metric on M � and M is a real
�n�dimensional Riemannian manifold with this metric�

Applying to K�ahler manifolds the result which we obtained for real
Riemannian manifolds� we have

Theorem ���� Suppose �M� �g
��

�x�� is a complete noncompact K�ahler
manifold of complex dimension n with bounded and nonnegative holo�
morphic bisectional curvature�

���� � � � �R�����x� � k�� �x �M�
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where � � k� � �� is a constant� Then there exists a constant � �
���n� � �� depending only on n such that the evolution equation

��	�

�
�
�tgij�x� t� � ��Rij�x� t��

gij�x� �� � �gij�x�� �x �M

has a smooth solution gij�x� t� � � for a short time

���� � � t � ���n�

k�
�

and satis�es the following estimates� For any integersm � �� there exist
constants c�n�m� � � depending only on n and m such that

���� sup
x�M

jrmRijkl�x� t�j� � c�n�m� � k��
tm

� � � t � ���n�

k�
�

Proof� Since � �R
����

�x� � � on M � using ���� it is easy to see that

���� j �R
����

�x�j� � ���n
k��� �x �M�

If we write it in the real coordinate� we have

���� j �Rijkl�x�j� � �����n
k��� �x �M�

Thus from Corollary ��� and ���� it follows that Theorem ��� is true�
q�e�d�

�� The construction of exhaustion functions

In the previous section� we established the short time existence the�
orem for the solution of Ricci �ow on complete noncompact K�ahler
manifold with bounded and nonnegative holomorphic bisectional curva�
ture� To control the solution and prove the long time existence for the
solution of Ricci �ow� we need to construct some good smooth exhaus�
tion functions on the manifold� For that purpose we use the results and
the techniques which were derived by R� Schoen and S�T� Yau in their
book ��
�� and also the iteration arguments of J� Moser �����

Suppose �M� gij�x�� is an n�dimensional complete Riemannian man�
ifold� We use r to denote the covariant derivatives with respect to the
metric gij � and

�	� � � gijrirj
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the Laplacian operator with respect to the metric gij on M � For any
two points x�� x �M � let ��x� x�� denote the distance between x� and
x� For any point x �M and � � �� let B�x� �� denote the geodesic ball
of radius � and centered at x

��� B�x� �� � fy �M j��x� y� � �g�

Now we have the result of Schoen�Yau ��
�

Theorem ���� Suppose �M� gij�x�� is an n�dimensional complete
noncompact Riemannian manifold with its Ricci curvature bounded from
below�

��� Rij�x� � �k�gij�x�� �x �M�

where � � k� � �� is a constant� Then there exists a constant � �

C� � �� depending only on n and k� such that for any �xed point
x� �M � there exists a smooth function ��x� � C��M� such that

���

����	
�
C�

�	 � ��x� x��� � ��x� � C��	 � ��x� x����

jr��x�j � C�� �x �M�

j���x�j � C��

Proof� This is Theorem 	���� in the book of R� Schoen and S�T� Yau
��
�� Since that book ��
� is in Chinese� we sketch their proof here�

Suppose  � � is a constant to be determined later and � � 	� We
try to solve the following Dirichlet problem

���

����	
�U��x� � U��x�� x � B�x�� ��nB�x�� 	��

U��x� 
 �� x � �B�x�� ���

U��x� 
 	� x � �B�x�� 	��

where �B�x�� �� denotes the boundary of B�x�� ��� If �B�x�� 	� or
�B�x�� �� has some singular points� we just make a small perturbation
of them such that the boundaries become smooth� Using the classi�
cal theory of the second order elliptic equations we know that ��� has a
smooth solution U��x� on B�x�� ��nB�x�� 	�� By the maximum principle
we have

��� � � U��x� � 	� x � B�x�� ��nB�x�� 	��
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If �� � �� � 	� then
�������	

��U���x�� U���x�� � �U���x�� U���x��� for x � B�x�� ���nB�x�� 	��

U���x�� U���x� 
 �� x � �B�x�� 	��

U���x�� U���x� � U���x� � �� x � �B�x�� ����

Using the maximum principle again yields

��� U���x�� U���x� � �� for x � B�x�� ���nB�x�� 	��

Combining ��� and ��� shows that as � ���� the limit

�
� U�x� � lim
�����

U��x�

exists for any x �MnB�x�� 	�� and satis�es

�	�� � � U�x� � 	� �x �MnB�x�� 	��

For any point x� � M and � � �� � � 	� if the following condition
holds

�		� B�x�� �� � B�x�� ��nB�x�� 	��

then from ��� and ��� we have

�	��

�
�U��x� � U��x�� x � B�x�� ���

� � U��x� � 	� x � B�x�� ���

By Theorem � in �	�� for the gradient estimates of the solutions of elliptic
equations�

�	�� jrU��x�j � C�n� �� k�� � � U��x�� �x � B�x��
�

�
��

where � � C�n� �� k�� � � �� is a constant depending only on n� �� k�
and � �	�� can be written as

�	�� sup
x�B�x��

�
� �

jr logU��x�j � C�n� �� k�� ��

Since � � U��x� � 	� from �	�� it follows that

�	�� sup
x�B�x��

�
�
�

jrU��x�j � C�n� �� k�� ��
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Combining �	��� �	�� and the classical Schauder estimates for the solu�
tions of elliptic equations yields that for any integers m � �� there exist
constants � � C�n�m� �� gijjB�x����� � �� depending only on n�m� �
and the metric gij on B�x�� �� such that

�	�� sup
x�B�x��

�
� ���

�
� �

m�����
jrmU��x�j � C�n�m� �� gijjB�x������

which� together with �	��� implies that all of the covariant derivatives of
U��x� are uniformally bounded on any compact subsets of MnB�x�� 	�
as � ����� Thus by Ascoli�Arzela�s lemma� there exists a subsequence
f�ig� �i ���� as i ���� such that

�	�� U�i�x�
C���� U�x�� on MnB�x�� 	�� as i �����

where U�x� is de�ned by �
�� Combining ��� and �	�� we obtain

�	��

�
U�x� � C��MnB�x�� 	���

�U�x� � U�x�� x �MnB�x�� 	��

From the classical theory of elliptic equations it follows that U��x� in
��� are continuous up to the boundary �B�x�� 	�� Thus combining ����
�
�� �	�� and �	�� yields

�	
�

����	
U�x� � C��MnB�x�� 	���

U�x� 
 	� x � �B�x�� 	��

� � U�x� � 	� x �MnB�x�� 	��

From �	�� we still have

���� sup
x�B�x��

�
� �

jr logU�x�j � C�n� �� k�� ��

Since x� �MnB�x�� 	 � �� is arbitrary� we get

��	� sup
x�MnB�x������

jr logU�x�j � C�n� �� k�� �� �� � ��

Now we are going to show that U�x� actually tends to zero expo�
nentially as x ��� if  is large enough�

Lemma ���� Suppose M is an n�dimensional complete noncompact
Riemannian manifold with its Ricci curvature Rij�x� satisfying

���� Rij�x� � �k�gij�x�� �x �M�
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where � � k� � �� is a constant� Then there exists a constant � �
C
 � �� depending only on n and k� such that

���� VolB�x� 	� � e�C���x�x�� �VolB�x�� 	�

for any x� x� �M � where Vol B�x� 	� denotes the volume of the geodesic
ball B�x� 	��

Proof� For a �xed point x �M and any y �M we de�ne a function

���� ��y� � ��x� y��

Since Rij � �k� on M � using the Laplacian operator comparison theo�
rem we obtain

����

����	
���y� � n��

��y� �
p

�n� 	�k��

�y �M�

jr��y�j � 	�

At the nonsmooth points of ��y�� we know that ���� is still true in the
sense of distribution� Thus

���� ��� � �n � �
p

�n� 	�k��� on M�

and for any t � ��

Z
B�x�t�

���y��dy �
Z
B�x�t�

�ndy � �
p

�n� 	�k�

Z
B�x�t�

��y�dy�

����

Z
B�x�t�

���y��dy � �n �VolB�x� t� � �t
p

�n� 	�k� �VolB�x� t��

����

By the Stokes theorem we have

��
�

Z
B�x�t�

���y��dy �

Z
�B�x�t�

���

�t
� �t �Vol��B�x� t���

On the other hand�

���� Vol��B�x� t�� �
�

�t
VolB�x� t��
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Combining ����� ��
� and ���� gives

�t
�

�t
VolB�x� t� ��n �VolB�x� t���	�

� �t
p

�n� 	�k� �VolB�x� t��

t
�

�t
VolB�x� t� �n �VolB�x� t�����

� t
p

�n� 	�k� �VolB�x� t��

�

�t
�t�n � e�

p
�n���k� �t �VolB�x� t�� � �� � � t � �������

Thus if t � 	� then

���� t�ne�
p

�n���k��t �VolB�x� t� � e�
p

�n���k� �VolB�x� 	��

Now we choose t � ��x� x�� � 	� by ���� we obtain

�	 � ��x� x���
�n � e�

p
�n���k� �����x�x��	 �VolB�x� 	 � ��x� x���

� e�
p

�n���k� �VolB�x� 	������

Since B�x�� 	� � B�x� 	 � ��x� x���� from ���� it follows that

���� VolB�x� 	� � �	 � ��x� x���
�n � e�

p
�n���k����x�x�� �VolB�x�� 	��

Thus ���� is true� q�e�d�

Coming back to the proof of Theorem ��	� from Lemma ��� we know
that there exists a constant � � C
 � �� depending only on n and k�
such that

���� VolB�x� 	� � e�C���x�x�� �VolB�x�� 	�� �x� x� �M�

Suppose � � a � �� is a constant to be determined later� and U��x�
are the solutions of ��� for � � �� Using the Stokes theorem and ��� we
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haveZ
B�x����nB�x����

ea��x�x��U��x��U��x� � dx

�

Z
�B�x����

ea��x�x�� � U��x� � �U��x�

��

�
Z
B�x����nB�x����

ri�e
a��x�x��U��x�� � riU��x�dx

�e�a
Z
�B�x����

U��x� � �U��x�

��
����

�
Z
B�x����nB�x����

ea��x�x��jrU��x�j�dx

� a

Z
B�x����nB�x����

ea��x�x��U��x� � ri��x� x�� � riU��x� � dx�

where � is the outer unit normal vector of �B�x�� ��� Thus

��
�

������U��x�

��

����� � jrU��x�j� � x � �B�x�� ���

From �	�� it follows that

���� sup
x�B�x���� �

� �nB�x����

jrU��x�j � C�n� k�� ��

Combining ��
� and ���� yields

��	� sup
x��B�x����

������U��x�

��

����� � C�n� k�� ��

Since � � U��x� � 	� by ��	� we get

���� e�a
Z
�B�x����

U��x�
�U��x�

��
� C�n� k�� � � e�a �Vol��B�x�� ����

Since �U��x� � U��x� on B�x�� ��nB�x�� ��� from ���� and ���� we
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know that



Z
B�x����nB�x����

ea��x�x��U��x��dx

�

Z
B�x����nB�x����

ea��x�x��U��x��U��x�dx

� C�n� k�� � � e�a �Vol��B�x�� ���

����

�
Z
B�x����nB�x����

ea��x�x��jrU��x�j�dx

�
Z
B�x����nB�x����

aea��x�x��U��x� � ri��x� x�� � riU��x�dx�

for � � ��

Since we still have

���� jr��x� x��j � 	� � x �M�

combining ���� and ���� gives



Z
B�x����nB�x����

ea��x�x��U��x��dx

� C�n� k�� � � e�a �Vol��B�x�� ���

�
Z
B�x����nB�x����

ea��x�x��jrU��x�j�dx

� a

Z
B�x����nB�x����

U��x� � ea��x�x��jrU��x�jdx

� C�n� k�� � � e�a �Vol��B�x�� ���

�
a�

�

Z
B�x����nB�x����

ea��x�x��U��x��dx��
� a�

�

�Z
B�x����nB�x����

ea��x�x��U��x��dx

� C�n� k�� � � e�a �Vol��B�x�� ���� for any � � ������

Now we choose

����  �
a�

�
� 	�
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Then by ���� we getZ
B�x����nB�x����

ea��x�x��U��x��dx

� C�n� k�� � � e�a �Vol��B�x�� ���� for � � ������

Let � ����� Then from �	�� and ���� it follows that

����

Z
MnB�x����

ea��x�x��U�x��dx � C�n� k�� � � e�a �Vol��B�x�� ����

For any point y � MnB�x�� ��� we want to use ���� to estimate U�y��
Since y �MnB�x�� ��� we have

B�y� 	� �MnB�x�� �����
�

��x� x�� � ��y� x��� 	� � x � B�y� 	������

Combining ���� and ��
� yields

��	�

Z
B�y���

ea��x�x��U�x��dx � C�n� k�� � � e�a �Vol��B�x�� ����

From ���� and ��	� it follows that

ea���y�x����	
Z
B�y���

U�x��dx � C�n� k�� � � e�a �Vol��B�x�� ����

Z
B�y���

U�x��dx � C�n� k�� � � e�a�a��y�x�� �Vol��B�x�� ����

����

Using gradient estimate ��	� we get

j logU�x�� logU�y�j � C�n� k�� ������

� x � B�y� 	��

U�x� � e�C�n�k� ���U�y�� � x � B�y� 	������

Combining ���� and ���� gives

e��C�n�k� ��� � U�y�� �VolB�y� 	�

� C�n� k�� � � e�a�a��y�x�� �Vol��B�x�� ����

U�y� � C�n� k�� �
�
� � e �a

� �C�n�k� ��� � e�a
� ��y�x��

����

�



Vol��B�x�� ���

VolB�y� 	�

� �
�

� � y �MnB�x�� ���
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By ���� we obtain

VolB�y� 	� � e�C���y�x�� �VolB�x�� 	�� y �M�

where � � C
 � �� depends only on n and k�� Thus

����
Vol��B�x�� ���

VolB�y� 	�
� eC���y�x�� � Vol��B�x�� ���

VolB�x�� 	�
� y �M�

If we let x � x� and t � �� from ����� ��
� and ���� it follows respectively
that

� Vol��B�x�� ��� ��n �VolB�x�� ��

� �
p

�n� 	�k� �VolB�x�� �������

Vol��B�x�� ���

VolB�x�� ��
�n

�
�
p

�n� 	�k������

and �
	

�

�n

e��
p

�n���k� �VolB�x�� ��

�e�
p

�n���k� �VolB�x�� 	��

VolB�x�� ��

VolB�x�� 	�
��n � e

p
�n���k� ���
�

Combining ���� and ��
� yields

����
Vol��B�x�� ���

VolB�x�� 	�
� C��n� k���

where � � C��n� k�� � �� depends only on n and k�� By ����� ����
and ���� we have

��	� U�y� � C�n� k�� � a� � e�a
� ��y�x�� � e �

�C���y�x���

where � � C�n� k�� � a� � �� depends only on n� k��  and a� Now
we choose

���� a � � � C
�

Then a depends only on n and k�� From ���� we know that

����  � 	 �
	

�
�� � C
�

�



ricci flow ���

depends only on n and k�� Combining ��	�� ���� and ���� we get

���� U�y� � C��n� k�� � e���y�x��� � y �MnB�x�� ���

where � � C��n� k�� � �� depends only on n and k��

In ���� we obtain the upper bound estimate for U�x�� Now we want
to control U�x� from below�

Suppose � � m � �� is an integer to be determined later� ��x� x��
denotes the distance between x and x�� We de�ne a function

���� f�x� � 	� 	

��x� x��m
� x �Mnfx�g�

Then

���� rif�x� �
m

��x� x��m��
ri��x� x���

�f�x� �
m

��x� x��m��
���x� x��� m�m � 	�

��x� x��m��
jri��x� x��j�

�
m

��x� x��m��

�
���x� x��� �m� 	�

��x� x��
jr��x� x��j�

�
�����

Since Rij � �k� on M � using Laplacian operator comparison theorem
we obtain

����

����	
���x� x�� � n��

��x�x��
�
p

�n� 	�k��

x �M�

jr��x� x��j � 	� a�e�

Combining ���� and ���� gives

��
�
�f�x� � m

��x� x��m��



n� 	

��x� x��
�
p

�n� 	�k� � �m � 	�

��x� x��

�
�

x �Mnfx�g�

Now we choose an integer m such that

���� �
p

�n� 	�k��n����	� � m � �
p

�n � 	�k��n����	��	�
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where  is de�ned by ����� Then for any points x � B�x�� �
�

m�� �nB�x�� 	��
we have

	 � ��x� x�� ��
�

m�� � ����	�

n � 	

��x� x��
�
p

�n� 	�k� � �m � 	�

��x� x��
����

�
p

�n� 	�k� � �m� n � ��

�
� �	�

Combining ��
�� ����� ��	� and ���� we get

�f�x� � m

��x� x��m��
��	� � �m

�
� �� 	�����

� x � B�x�� �
�

m�� �nB�x�� 	��

Remark� The function f�x� de�ned in ���� may not be smooth at
some points of Mnfx�g� For example� if x is within the cut�locus of
x�� then f�x� may not be smooth at x� But if we study the behavior of
the distance function ��x� x�� carefully� we know that at the nonsmooth
points of f�x�� ��
� and ���� are still true in the sense of distribution�
Thus by making a small perturbation of f�x� �for example� making a
small perturbation of f�x� by the use of molli�er technique� we can
assume without loss of generality that f�x� is a smooth function on
Mnfx�g� and ��
� and ���� are true in the classical sense�

Since � � U�x� � 	 on MnB�x�� 	�� �	�� implies

���� �U�x� � � � x �MnB�x�� 	��

Combining ���� and ���� yields

���� ��U�x� � f�x�� � �	� � x � B�x�� �
�

m�� �nB�x�� 	��

By �	
� and ���� we obtain

���� U�x� � f�x� 
 	� x � �B�x�� 	��

By �	
�� ���� and ��	� we get

����
U�x� � f�x� � f�x� � 	�

�
	

�

� m
m��

� 	� 	p
�
� 	

�
�

x � �B�x�� �
�

m�� ��
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Using the maximum principle� from ����� ���� and ���� we know that

���� U�x� � f�x� � 	

�
� � x � B�x�� �

�
m�� �nB�x�� 	��

For any x � B�x�� �
�
��

�
m �nB�x�� 	�� by ���� we get f�x� � �

� � Thus ����
implies

��
� U�x� � 	

�
� � x � B�x�� �

�

�
�
�
m �nB�x�� 	��

On the other hand� from ��	� it follows that

���� jr logU�x�j � C��n� k�� �m�� � x �MnB�x�� �
�

�
�

�
�m ��

Combining ��
� and ���� gives

��	� U�x� � 	

�
e�C��n�k����m����x�x��� x �MnB�x�� 	��

where � � C��n� k�� �m� � �� depends only on n� k��  and m� From
���� and ���� we know that  and m depend only on n and k�� Thus
��	� implies

���� U�x� � e�C��n�k����x�x��� x �MnB�x�� 	��

where � � C��n� k�� � �� depends only on n and k��

Lemma ���� Under the curvature assumption of Theorem ��� for
any point x� �M � there exists a smooth function U�x� � C��MnB�x�� ���
such that

����

��������������������	

� � U�x� � 	�

�U�x� � U�x��

� x �MnB�x�� ���

jr logU�x�j � C���n� k���

U�x� � C���n� k�� � e���x�x���
U�x� � e�C���n�k�����x�x���

where � � C���n� k�� � �� depends only on n and k��  is de�ned by
	����

Proof� Combining �	��� �	
�� ��	�� ���� and ���� shows that the
Lemma is true� q�e�d�
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Under the curvature assumption of Theorem ��	� for any �xed point
x� � M � suppose U�x� � C��MnB�x�� ��� is the function obtained in
Lemma ���� We then de�ne another function w�x� � C��MnB�x�� ���
such that

���� w�x� � � log U�x� � logC���n� k�� � 	� x �MnB�x�� ���

By the de�nition of w�x� we have

rw�x� � �r logU�x������

�w�x� � �� logU�x� � ��U�x�

U�x�
� jr logU�x�j��

�w�x� � � � jr logU�x�j�� x �MnB�x�� �������

Combining ����� ����� ���� and ���� we know that there exists a
constant � � C���n� k�� � �� depending only on n and k� such that

����

����	
	 � ��x� x�� � w�x� � C���	 � ��x� x����

jrw�x�j � C��� � x �MnB�x�� ���

j�w�x�j � C���

To prove Theorem ��	 the only thing we need to do is to try to extend
the function w�x� which we obtained in ���� to the whole manifold M

in a suitable way such that we can still control jrwj and j�wj on the
whole manifold M and only in terms of n and k�� Suppose y � M is a
point such that

���� ��x�� y� � ��	 � C����

Using Lemma ��� again we can �nd another function
q�x� � C��MnB�y� ��� such that

��
�

����	
	 � ��x� y�� q�x� � C���	 � ��x� y���

jrq�x�j � C��� � x �MnB�y� ���

j�q�x�j � C���

It is easy to �nd a smooth function ��t� � C��R� such that����	
��t� 
 �� �� � t � �C���

� � ��t� � 	� �C�� � t � � � �C���

��t� 
 	� � � �C�� � t � ���

�
��

�
j���t�j � 	� �� � t � ���

j����t�j � �� �� � t � ���
�
	�
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Now we just de�ne

�
��

����������	
��x� � q�x�� for x � B�x��

�
���

��x� � ��w�x�� � w�x� � �	� ��w�x��� � q�x��

for x � B�x��
�
� � �C���nB�x��

�
���

��x� � w�x�� for x �MnB�x��
�
� � �C����

By the de�nition it is easy to see that ��x� � C��M�� Since C��

depends only on n and k�� combining ����� ����� ��
�� �
��� �
	� and �
��
we know that there exists a constant � � C��n� k�� � �� depending
only on n and k� such that

�
��

����	
�
C�

�	 � ��x� x��� � ��x� � C��	 � ��x� x����

jr��x�j � C�� � x �M�

j���x�j � C��

Thus we have completed the proof of Theorem ��	�

Corollary ���� Suppose �M� gij�x�� is an n�dimensional complete
noncompact Riemannian manifold with nonnegative Ricci curvature�

�
�� Rij�x� � �� � x �M�

Then there exists a constant � � C���n� � �� depending only on n

such that for any �xed point x� � M � there exists a smooth function
��x� � C��M� such that

�
��

����	
�
C��

�	 � ��x� x��� � ��x� � C���	 � ��x� x����

jr��x�j � C��� � x �M�

j���x�j � C���

Proof� We let k� � � in ���� Then from Theorem ��	 we know that
the corollary is true� q�e�d�

More generally� we have

Theorem ���� Suppose �M� gij�x�� is an n�dimensional complete
noncompact Riemannian manifold with nonnegative Ricci curvature�

�
�� Rij�x� � �� � x �M�
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Then there exists a constant � � C���n� � �� depending only on n
such that for any �xed point x� � M and any number � � a � ���
there exists a smooth function ��x� � C��M� such that

�
��

����	
�
C��

�	 � ��x�x��
a

� � ��x� � C���	 � ��x�x��
a

��

jr��x�j � C��
a
� � x �M�

j���x�j � C��
a�
�

Proof� If a � 	� Theorem ��� follows directly from Corollary ���� If
a �� 	� we de�ne a new metric on M 

�
�� �gij�x� �
	

a�
gij�x�� x �M�

Then �gij�x� is still a complete Riemannian metric on M with nonnega�
tive Ricci curvature� Thus from Corollary ��� we know that there exists
a smooth function ��x� � C��M� such that

�

�

����	
�
C��

�	 � ���x� x��� � ��x� � C�
�	 � ���x� x����

j �r��x�j � C�
� � x �M�

j ����x�j � C�
�

Where � � C�
 � �� is a constant depending only on n� and ���x� x���
�r and �� denote the distance between x and x�� the covariant derivatives
and the Laplacian operator respectively� with respect to the metric �gij�
Combining �
�� and �

� hence shows that �
�� is true� q�e�d�

If one reads ���� and ��	� carefully� one would see that to establish
the maximum principle for the solution of Ricci �ow on M the key point
is to construct a smooth function ��x� � C��M� such that

�	���

����	
�
C��

�	 � ��x� x��� � ��x� � C���	 � ��x� x����

jr��x�j � C��� � x �M�

rirj��x� � C��gij�x��

where � � C�� � �� is some constant� In this section we want to prove
the following result

Theorem ���� Suppose �M� gij�x�� is an n�dimensional complete
noncompact Riemannian manifold with its Riemannian curvature tensor
fRijklg satisfying

�	�	� jRijklj� � k�� on M�
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where � � k� � �� is a constant� Then there exists a constant
� � C��n� k�� � �� depending only on n and k� such that for any
�xed point x� �M � there exists a smooth function ��x� � C��M� such
that

�	���

����	
�
C�	

�	 � ��x� x��� � ��x� � C��	 � ��x� x����

jr��x�j � C�� � x �M�

jrirj��x�j � C��

Proof� By assumption �	�	� we have

�	��� sup
x�M

jRij�x�j� � n�k��

Thus the Ricci curvature Rij�x� � �npk� for any x � M � From The�
orem ��	 it follows that there exists a constant � � C���n� k�� � ��
depending only on n and k� such that for any �xed point x� �M � there
exists a smooth function ��x� � C��M� such that

�	���

����	
�
C�


�	 � ��x� x��� � ��x� � C���	 � ��x� x����

jr��x�j � C��� � x �M�

j���x�j � C���

Now we want to use the molli�er technique to modify ��x� such that
after the modi�cation� rirj��x� can be bounded by some constant
depending only on n and k�� This molli�er technique was given by
Greene�Wu in their paper �	
�� We choose

�	��� �� � �

�
	

k�

� �
�

�

For any point x � M and any vector V � TxM � we use TxM and kV k
to denote the tangent space of M at x� and the length of V respectively�
For any � � ��

�	��� bBx��� �� � fV � TxM jkV k � �g
denotes the ball of radius � in the tangent space TxM � Since jRijklj� �
k� on M � using the comparison theorem we know that for any point
x �M � the exponential map

�	��� expx  bBx��� ��� ��M



��� wan�xiong shi

is smooth� Now we choose a smooth function 	�t� � C��R� such that

�	���

����	
	�t� 
 	� �� � t � �


���

� � 	�t� � 	� �

�� � t � �

����

	�t� 
 �� �
��� � t � ���

�	�
�

�
j	��t�j � �

��
� �� � t � ���

j	���t�j � 
��
���
� �� � t � ���

We de�ne a new function ��x� on M 

�		�� ��x� �

Z
V�TxM

	�kV k� ���expx V �dV� � x �M�

Then as what Greene�Wu did in their paper �	
�� ��x� � C��M� is
a smooth function and there exists a constant � � C���n� k�� � ��
depending only on n and k� such that

�			�

����	
�
C��

�	 � ��x� x��� � ��x� � C���	 � ��x� x����

jr��x�j � C��� � x �M�

jrirj��x�j � C���

Thus we know that Theorem ��� is true� q�e�d�

If we use the iteration argument of J� Moser ���� to controlrirj U�x�
for the function U�x� in Lemma ���� then by the use of technique �
��
we can also construct a smooth function ��x� � C��M� such that �	���
is true� This is what we did in x� of �����

�� Maximum principles on noncompact manifolds

In the previous section� we constructed some smooth exhaustion
functions on complete noncompact Riemannian manifolds� In this sec�
tion� we are going to use these exhaustion functions to establish the
maximum principles on complete noncompact manifolds for the solu�
tions of parabolic equations� In this section we always make the follow�
ing assumption

Assumption A� Suppose �M� �gij�x�� is an n�dimensional complete
noncompact Riemannian manifold with its Riemannian curvature tensor
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f �Rijklg� Suppose � � T� k� � �� are some constants and gij�x� t� � �
is the smooth solution of the evolution equation

�	�

�
�
�t
gij�x� t� � ��Rij�x� t�� on M 	 ��� T ��

gij�x� �� � �gij�x�� x �M�

and satis�es the following estimate

��� sup
M����T 	

jRijkl�x� t�j� � k��

Under the stronger assumption that M has positive sectional curva�
ture at time t � �� some maximum principles were established by the
author in ��	�� Using the similar arguments as what we did in ��	� and
the exhaustion functions constructed in the previous section one can es�
tablish the maximum principles under Assumption A� Since the proofs
are basically the same� we omit many details� which can be seen in ��	��

Under Assumption A� we use

d�s� � �gij�x�dxidxj � �����

ds�t � gij�x� t�dx
idxj � �� � � t � T����

to denote the metrics on M � and use �r to denote the covariant deriva�
tives with respect to d�s�� use r or rt to denote the covariant derivatives
with respect to ds�t � We use � or �t to denote the Laplacian operator of
ds�t � For any two points x� y �M � we use �t�x� y� to denote the distance
between x and y with respect to metric ds�t �

Lemma ���� Under Assumption A� we have

e��
p
nk�td�s� � ds�t � e�

p
nk�td�s�� � � t � T����

e�
p
nk�t���x� y� � �t�x� y� � e

p
nk�t���x� y�� x� y �M�

Proof� This is Lemma ��	 in the author�s ��	�� q�e�d�

From Lemma ��	 it follows that for any t � ��� T �� the metric ds�t is
equivalent to the metric d�s�� Thus ds�t is also a complete Riemannian
metric on M �
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Lemma ���� Under Assumption A� for any integers m � 	� there
exist constants � � C�n�m� � �� depending only on n and m such
that

��� sup
x�M

jrmRijkl�x� t�j� � C�n�m�

�
k�

�
	

t

�m

� k
m
� ��
�

�
� � � t � T�

Proof� This actually is Lemma ���� q�e�d�

Lemma ���� Under Assumption A� we have

���

Z T

�
jrRijkl�x� t�jdt � �C�n� 	�

�
�

�p
T � k� �

T

�
� k

�
�
�

�
� x �M�

where C�n� 	� is the constant in 	���

Proof� Let m � 	� By ��� we get

sup
x�M

jrRijkl�x� t�j� � C�n� 	� �
�
k�
t

� k
�
�
�

�
� � � t � T�

sup
x�M

jrRijkl�x� t�j � C�n� 	�
�
� �
�p

k�p
t

� k
�
�
�

�
� � � t � T���� Z T

�
jrRijkl�x� t�jdt � C�n� 	�

�
�

Z T

�

�p
k�p
t

� k
�
�
�

�
dt� x �M�

Thus ��� is true� q�e�d�

Lemma ���� Under Assumption A� for any �xed point x� � M �
there exists a function ��x� � C��M� such that

�
�

����	
�
C�

�	 � ���x� x��� � ��x� � C��	 � ���x� x����

jeri��x�j � C�� � x �M�

jeri
erj��x�j � C��

where � � C� � �� depends only on n and k��

Proof� By de�nition we have eRijkl�x� 
 Rijkl�x� ��� Thus by ��� we
get

�	�� sup
x�M

j eRijkl�x�j� � k��

and Lemma ��� follows directly from Theorem ���� q�e�d�
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Lemma ���� Under Assumption A� suppose ��x� � C��M� is the
function which we obtained in Lemma 
�
� Then there exists a constant
� � C� � �� depending only on n� k� and T such that

�		�

����	
�
C�

�	 � �t�x� x��� � ��x� � C��	 � �t�x� x����

jrt
i��x�j � C�� on M 	 ��� T ��

jrt
irt

j��x�j � C��

Proof� From ��� it follows that

e�
p
nk�T���x� y� � �t�x� y� � e

p
nk�T���x� y���	��

x� y �M� � � t � T�

e��
p
nk�Tegij�x� � gij�x� t� � e�

p
nk�Tegij�x���	��

� � t � T�

Using �
� and �	�� we have

�	��
	

C

�	 � �t�x� x��� � ��x� � C
�	 � �t�x� x���� on M 	 ��� T ��

where � � C
 � �� depends only on n� k� and T � Since ��x� is a
function�

�	�� rt
i��x� � eri��x�� on M 	 ��� T ��

which together with �
� and �	�� yields

�	�� jrt
i��x�j � C��n� k�� T �� on M 	 ��� T ��

By de�nition we have

eri
erj��x� �

����x�

�xi�xj
� �kij�x� ��

���x�

�xk
�

rt
irt

j��x� �
����x�

�xi�xj
� �kij�x� t�

���x�

�xk
��	��

where f�kij�x� t�g denote the Christo�el symbols of gij�x� t�� Thus

rt
irt

j��x� � eri
erj��x�� ��kij�x� t�� �kij�x� ���

���x�

�xk
�

rt
irt

j��x� � eri
erj��x�� ��kij�x� t�� �kij�x� ��� � erk��x��

�	��
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Using �	��� Lemma ��� and the arguments developed in the proof of
Lemma ��� in ��	� we obtain

�	
� j�kij�x� t�� �kij�x� ��j� � C�n� k�� T �� on M 	 ��� T ��

which together with �
�� �	�� and �	�� implies

���� jrt
irt

j��x�j � C��n� k�� T �� on M 	 ��� T ��

Combining �	��� �	�� and ���� we know that �		� is true� q�e�d�

Lemma ���� Under Assumption A� for any constant � � C� �

��� we can �nd a function ��x� t� � C��M 	 ��� T �� and a constant
� � C� � �� depending only on n� k�� T and C� such that

� � ��x� t� � 	� on M 	 ��� T ����	�

C��
�

	 � ���x� x��
� ��x� t� � C�

	 � ���x� x��
� on M 	 ��� T ������

��

�t
� �� � �jrp�j�

�
� C��� on M 	 ��� T ������

Proof� Basically this is the same as what we did in the proof of
Lemma ��� in ��	�� the only di�erence is that we replace the function
��x� in Lemma ��� of ��	� by the function ��x� we obtained in Lemma
��� of this paper� q�e�d�

Now we can prove the following maximum principle on noncompact
manifold M �

Lemma ���� Under Assumption A� suppose ��x� t� is a C� func�
tion on M 	 ��� T � such that

����

����������	
�	
�t

� �� � Q��� x� t�� on M 	 ��� T ��

j��x� t�j � C�� � ��� on M 	 ��� T ��

��x� �� � �� on M�

Q��� x� t� � �� if � � ��

Then we have

���� ��x� t� � �� on M 	 ��� T ��
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Proof� Using Lemma ��� and the same arguments as what we did in
the proof of Lemma ��� in ��	�� we know that Lemma ��� is true�

q�e�d�

Theorem ���� Under Assumption A� suppose ��x� t� is a C� func�
tion on M 	 ��� T � such that

����

����������	
�	
�t

� ��� C��jrk�j� � Q��� x� t�� on M 	 ��� T ��

��x� t� � C�� � ��� on M 	 ��� T ��

��x� ��� �� on M�

Q��� x� t�� C���� if � � ��

where � � C��� C��� C�� � �� are some constants� Then we have

���� ��x� t� � �� on M 	 ��� T ��

Proof� Basically the same as the proof of Theorem ��� in ��	�� the
only di�erence is that we use Lemma ��� of this paper instead of Lemma
��� in ��	�� q�e�d�

Now we are going to establish another kind of maximum principle
on M �

Lemma ��	� Under Assumption A� for any �xed point x� �M and
constants � � �� h � �� there exist a function ��x� � C��M� and a
constant � � C�� � �� depending only on n� k� and � such that����	

� � ��x� � 	� on M�

��x� 
 	� � x � B��x�� h��

��x� 
 �� � x �MnB��x�� �C�
�h��

����

����������	

�����eri

�
�


�x�

 ����� � C��
h

�
�


�x�

���
� � x � �������eri

erj

�
�


�x�

 ����� � C��
h

�
�


�x�

���
� � x � ��

��
�

where C� is the constant in 	�� and

����
B��x�� h� � fx �M j���x� x�� � hg�
� � fx �M j��x� � �g�



��� wan�xiong shi

Proof� From �
��� �

� and �	�	� in x� of ��	� it follows that there
exist two functions ��t� and ��t� such that��������������	

��t� � C���� �
h��

��t� 
 	� � � t � �

h�

��t� � 	� � � t � �

h�

� � ���t� � C��
h
��t����� � � t � �


h�

j����t�j � C��
h�

��t����� � � t � �

h�

��	�

����	
��t� � �

��t� � � � t � �

h�

��t� 
 �� �

h � t � ���

��t� � C��������

����

where � � C�
 � �� depends only on �� Suppose ��x� � C��M� is
the function which we obtained in Lemma ���� we de�ne

���� ��x� � �

�
��x�

C�

�
� x �M�

Since h � �� by �
� we get

����

�
��x�
C�

� �

h� � x � B��x�� h��

��x�
C�

� �h� � x �MnB��x�� �C�
�h��

Combining ��	�� ���� and ���� yields that ��x� � C��M� and ���� is
true� Hence ��
� follows from �
�� ��	� and ����� q�e�d�

Lemma ���
� For the function ��x� which we obtained in Lemma

��� there exists a constant � � C�� � �� depending only on n� k�� �

and T such that����rt
i

�
	

��x�

� ���� � C��

h

�
	

��x�

����

� � x � ��

� � t � T����� ����rt
irt

j

�
	

��x�

� ���� � C��

h

�
	

��x�

����

�

Proof� Using Lemma ��
 and the arguments which we used in the
proof of Lemma ��� we know that ���� is true� q�e�d�
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Lemma ����� Under Assumption A� suppose there exist constants
� � �� C�� C�� � �� and ��x� t� � C��M 	 ��� T �� such that

����

����	
�	
�t

� ��� Q��� x� t�� on M 	 ��� T ��

��x� �� � C�� on M�

Q��� x� t� � �C���
���� if � � C��

Then

���� ��x� t� � C�� on M 	 ��� T ��

Proof� Using Lemma ��	� and the arguments which we used in the
proof of Lemma ��
 in ��	� we know that Lemma ��		 is true� q�e�d�

Lemma ����� Under Assumption A� suppose � � ��C�� C��� C�� �
�� are constants and ��x� t� � C��M 	 ��� T �� such that

����

����	
�	
�t

� �� � Q��� x� t�� on M 	 ��� T ��

��x� �� � C�� on M�

Q��� x� t� � C��
	 jri�j� � C���

���� if � � C��

Then

��
� ��x� t� � C�� on M 	 ��� T ��

Proof� Using Lemma ��		 and the arguments as we used in the proof
of Lemma ��	� in ��	� we know that Lemma ��	� is true� q�e�d�

Lemma ����� Under Assumption A� suppose

� � �� C�� C��� C��� C�� � ��

are constants and ��x� t� � C��M 	 ��� T �� such that

����

����������	
�	
�t

� �� � Q��� x� t�� on M 	 ��� T ��

��x� �� � C�� on M�

Q��� x� t� � C��
	
jri�j� � �i � ri�

�C��j�ij��� C���
���� if � � C��
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where f�ig is a tensor� Then

��	� ��x� t� � C�� on M 	 ��� T ��

Proof� The proof follows from Lemma ��	� and the inequality

�i � ri�� C��j�ij�� � jri�j�
�C���

�

Theorem ����� Under Assumption A� suppose ��x� t� � C��M 	
��� T �� and � � �� C��� C��� C�� C��� C��� C�� � �� are constants such
that

����

��������������	

�	
�t � ��� Q��� x� t�� on M 	 ��� T ��

��x� ��� �� on M�

Q��� x� t�� C��jri�j� � C���� if � � � � C��

Q��� x� t�� C��
	 jri�j� � �i � ri�

�C��j�ij��� C���
���� if � � C��

where f�ig is a tensor� Then

���� ��x� t� � �� on M 	 ��� T ��

Proof� From Lemma ��	� it follows that

��x� t� � C�� on M 	 ��� T ��

Using Theorem ��� we thus complete the proof� q�e�d�

�� Preserving the K�ahlerity of the metrics

Suppose gij�x� t� � � is the smooth solution of the evolution equation

�	�
�

�t
gij�x� t� � ��Rij�x� t�� on M 	 ��� T ��

In this section we want to show that if gij�x� �� is a K�ahler metric on
M � then gij�x� t� are also K�ahler metrics for any t � ��� T �� To prove
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this statement we need to use the maximum principles established in
the previous section�

Theorem ���� Under Assumption A of x
� if M is a complex man�
ifold and egij�x� is a K�ahler metric on M � then gij�x� t� are also K�ahler
metrics for any t � ��� T ��

Proof� Since M is a complex manifold� we suppose that M has
complex dimension n� so that M is a real �n�dimensional noncompact
manifold� Suppose z � fz�� z�� � � � � zng is the local holomorphic coordi�
nate on M � and

���

����	
zk � xk �

p�	xk�n�

k � 	� �� � � � � n�

xk � R� xk�n � R�

Then x � fx�� x�� � � � � x�ng is the local real coordinate on M � We use
i� j� k� l� � � � to denote the indices corresponding to real vectors or real
covectors� 	� 
� �� �� � � � the indices corresponding to holomorphic vectors
or holomorphic covectors� 	� 
� �� �� � � � the indices corresponding to an�
tiholomorphic vectors or antiholomorphic covectors� and A�B�C�D� � � �
to denote both 	� 
� �� �� � � � and 	� 
� �� �� � � � �

As a real �n�dimensional Riemannian manifold� M has real tangent
space TRM and real cotangent space T �

R
M 

TRM �
�nM
i��

R � �

�xi
����

T �
RM �

�nM
i��

R � dxi����

If we complexify TRM and T �
R
M � we get the complex tangent space

TCM and complex cotangent space T �
C
M of M as a complex manifold

TCM � TRM � C �
�nM
i��

C � �

�xi
�
M
A

C
�

�zA
���

�
M
�

C
�

�z�

M
�

C
�

�z�
�



��� wan�xiong shi

T �
CM � T �

RM � C �
�nM
i��

C � dxi���

�
M
A

C � dzA �
M
�

C � dz�
M
�

C � dz��

where �
�
�z�

� �
�

�
�

�x�
�p�	 �

�x��n

�
�

�
�z�

� �
�

�
�

�x�
�
p�	 �

�x��n

�
�

��� �
dz� � dx� �

p�	dx��n�

dz� � dx� �p�	dx��n�
���

If we denote

T �����M �
M
�

C
�

�z�
� T �����M �

M
�

C
�

�z�
��
�

T ������M �
M
�

C � dz�� T ������M �
M
�

C � dz���	��

then we have the following decompositions

TCM � T �����M  T �����M��		�

T �
CM � T ������M  T ������M��	��

Under Assumption A of x�� we let

�	�� ds�t � gij�x� t�dx
idxj � �� for � � t � T�

Using ��� we can write ds�t in terms of complex coordinates on M as
follows

ds�t �gAB�z� t�dzAdzB

�g���z� t�dz�dz� � g
��

�z� t�dz�dz��	��

� g���z� t�dz�dz� � g���z� t�dz�dz�� � � t � T�

Since �	�� comes from �	��� it is easy to see that the following property
is true

�	��

����	
g���z� t� � g

��
�z� t��

on M 	 ��� T ��

g���z� t� � g���z� t��
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which can be simply written as

�	�� gAB�z� t� � gAB�z� t�� on M 	 ��� T ��

where we have denoted

�	��

�
A � 	� if A � 	�

A � 	� if A � 	�

By the de�nition of K�ahler metric� ds�t is a K�ahler metric if and only if

�	��

������	
g���z� t� 
 �� g

���z� t� 
 ��

� z �M�
�g

��
�z�t�

�z� 
 �g
��

�z�t�

�z� �

Similar to �gij� � �gij�
�� in the case of real coordinate� in complex

coordinates case we de�ne

�	
� �gAB� � �gAB����

The Riemannian curvature tensor fRijkl�x� t�g can also be extended lin�
early uniquely to TCM from TRM � thus we get a ��tensor fRABCD�z� t�g
on TCM � The new curvature tensor fRABCD�z� t�g has the same prop�
erties as fRijkl�x� t�g

����

����	
RABCD � �RBACD � �RABDC � RCDAB �

RABCD � RBCAD � RCABD � ��

rERABCD � rARBECD � rBREACD � ��

Similar to �	�� we still have

��	� RABCD�z� t� � RA B C D�z� t�� on M 	 ��� T ��

We can also de�ne

RAB�z� t� � gCD�z� t� �RACBD�z� t�� on M 	 ��� T ������

R�z� t� � gAB�z� t� �RAB�z� t�� on M 	 ��� T ������

It is easy to see that fRAB�z� t�g is also the linear extension of fRij�x� t�g
from TRM to TCM � Since gij�x� t� is the solution of evolution equation
�	� on M 	 ��� T �� we have

����
�

�t
gAB�z� t� � ��RAB�z� t�� on M 	 ��� T ��
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For the evolution of the curvature tensor� we have

Lemma ���� Suppose gAB�z� t� satisfy 	�
� on M 	 ��� T �� then we
have

�

�t
RABCD ��RABCD � ��BABCD � BABDC �BADBC

� BACBD�� gEF �REBCDRFA � RAECDRFB����

� RABEDRFC � RABCERFD��

�

�t
RAB ��RAB � �gCDgEFRCAEBRDF����

� �gCDRACRBD�

�

�t
R ��R � �gABgCDRACRBD�����

where BABCD � gEFgGHREAGBRFCHD�

Proof� Since gij�x� t� satisfy evolution equation �	�� from Theorem
��	� Corollary ��� and Corollary ��� in R�S� Hamilton ���� we have

�

�t
Rijkl ��Rijkl � ��Bijkl � Bijlk �Biljk � Bikjl�

� gpq�RpjklRqi � RipklRqj����

� RijplRqk � RijkpRql��

�

�t
Rij ��Rij � �gprgqsRpiqjRrs � �gpqRpiRqj ���
�

�

�t
R ��R� �gijgklRikRjl�����

where Bijkl � gprgqsRpiqjRrksl� Writing ����� ��
� and ���� in terms of
complex coordinates� we know that ����� ���� and ���� are true� q�e�d�

Using Bianchi�s Identity ����� it is easy to show that

��	�

�
BABDC � BABCD � gEFgGHREABGRFHCD�

BABCD � BBADC � BCDAB �

which together with ���� yield

�

�t
RABCD ��RABCD � �gEFgGHREABGRFHCD

� �gEFgGHREAGDRFBHC � �gEF gGHREAGCRFBHD����

� gEF �REBCDRFA � RAECDRFB

� RABEDRFC � RABCERFD��
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By the de�nition of fRABCD�z� t�g we obtain

���� jRABCD�z� t�j� � jRijkl�z� t�j�� on M 	 ��� T ��

where

����

�
jRijkl�z� t�j� � gipgjqgk�glsRijklRpq�s�

jRABCD�z� t�j� � gAEgBFgCGgDHRABCDREFGH �

Thus under Assumption A of x�� we have

���� sup
M����T 	

jRABCD�z� t�j� � k��

To avoid the complicated computation on the change of the metrics
gAB�z� t� among the proof of Theorem ��	� we use the abstract tangent
vector bundle method which was originally derived by R�S� Hamilton in
����� We pick an abstract vector bundle V which is isomorphic to the
complex tangent bundle TCM de�ned by ���� but with a �xed metricegAB on the �bers of V � We choose an isometry U � fUA

Bg between
V and TCM at time t � �� and we let the isometry U evolve by the
equation

����
�

�t
UA
B � gACRCDUD

B � � � t � T�

where gAC and RCD are de�ned by �	
� and ���� respectively� Then
the pull�back metrics

���� egAB�z� t� � gCD�z� t� � UC
A �z� t� � UD

B �z� t�

remain constant in time� it is easy to see that

����
�

�t
egAB�z� t� 
 �� � � t � T�

and U remains an isometry between the varying metric gAB on TCM

and the �xed metric egAB on V � We use U to pull the curvature tensor
on TCM back to V 

��
� eRABCD�z� t� � REFGH � UE
AUF

BUG
C UH

D � � � t � T�

We can also pull back the Levi�Civita connection � � f�CABg on TCM to

get a connection e� � fe�CABg on V � the covariant derivative of a section
� � f�Ag of V is given by

���� rB�
A �

��A

�zB
� e�ABC�C �
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Moreover� we can take the covariant derivatives of any tensors of V and
TCM � In particular we have

��	� rA UB
C 
 �� rAegBC 
 �� � � t � T�

We can also de�ne the Laplacian operator

���� � eRABCD � gEFrErF
eRABCD

to be the trace of the second order covariant derivatives� Similar to ����
it is easy to show that

�

�t
eRABCD �� eRABCD � �egEFegGH eREABG

eRFHCD

� �egEFegGH eREAGD
eRFBHC � �egEFegGH eREAGC

eRFBHD�����

where

���� �egAB� � �egAB����

For the details of this technique� one can see Hamilton �����
By the de�nition of f eRABCDg we have

���� j eRABCD�z� t�j� 
 jRABCD�z� t�j�� on M 	 ��� T ��

where

���� j eRABCD�z� t�j� � egAEegBFegCGegDH eRABCD
eREFGH �

Now we de�ne a function on M 	 ��� T �

��z� t� �eg�eg��eg��eg�� eR����
eR��� � eg�eg��eg��eg�� eR����

eR���

� eg�eg��eg��eg�� eR����
eR�������

� eg�eg��eg��eg�� eR����
eR���� on M 	 ��� T ��

It is easy to see that ��z� t� � C��M 	 ��� T �� is a well de�ned smooth
function and is independent of the choice of the coordinate fz�g on M �

By the hypothesis of Theorem ��	� the metric gAB�z� t� is K�ahler
at time t � �� i�e�� gAB�z� �� is a K�ahler metric� Thus by de�nitionegAB�z� �� is a K�ahler metric� and from �	�� it follows that

���� eg���z� �� 
 �� eg���z� �� 
 �� � z �M�
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By ���� we obtain

��
� egAB�z� t� 
 egAB�z� ��� z �M� � � t � T�

which together with ���� yield

���� eg���z� t� 
 �� eg���z� t� 
 �� on M 	 ��� T ��

For any point z � M � from ���� we know that there exists a local
holomorphic coordinate fz�g such that

��	� eg���z� �� � ���

at one special point z� Using ��
� we get

���� eg���z� t� � ��� � � � t � T�

Since �egAB� � �egAB���� combining ���� and ���� implies

����

�eg���z� t� � �� eg���z� t� � ��eg���z� t� � ��� �

Similar to �	�� and ��	� we also have

egAB�z� t� � egA B�z� t�� on M 	 ��� T ������ eRABCD�z� t� � eRA B C D�z� t�� on M 	 ��� T ������

In the following computation we always assume that the local coordinate
fz�g satis�es ��	� at one point� Combining ���� and ���� yields

���� j eRABCD�z� t�j� � k�� on M 	 ��� T ��

Thus by ���� we get

����
X

A�B�C�D

eRABCD � eRABCD � k��

From ���� and ���� it follows that

��z� t� �
X

�������

n
j eR����j� � j eR����j� � j eR����j� � j eR����j�

o
�

X
A�B����

j eRAB��j������
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Thus

��
� ��z� t� � �� on M 	 ��� T ��

and ��z� t� � � if and only if

���� eRAB���z� t� � �� for all A�B� �� ��

By ���� we obtain

�

�t
eRAB�� �� eRAB�� � �egEFegGH eREABG

eRFH��

� �egEFegGH eREAG�
eRFBH���	�

� �egEFegGH eREAG�
eRFBH��

From ���� we still have

egEFegGH eREABG
eRFH�� � eREABG

eREG��

� eR�AB�
eR���� � eR�AB�

eR��������

� eR�AB�
eR���� � eR�AB�

eR�����

egEFegGH eREAG�
eRFBH� � eREAG�

eREBG�

� eR�A��
eR�B�� � eR�A��

eR�B������

� eR�A��
eR�B�� � eR�A��

eR�B���

egEFegGH eREAG�
eRFBH� � eREAG�

eR
EBG�

� eR�A��
eR�B�� � eR�A��

eR�B������

� eR�A��
eR
�B��

� eR
�A��

eR�B���

Combining ����� ���� and ���� shows that ��	� can be written as

����
�

�t
eRAB�� � � eRAB�� � eRCDEF � eRGH���

where eRCDEF denote the general terms of the curvature tensor� eRGH��

denote those terms on which the third indices and the fourth indices are
unbar indices� and � denotes the tensor product and linear combinations�
From ���� and ���� it follows that

����
��

�t
� � eRAB�� � �

�t
eRAB���
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which together with ���� implies

��

�t
� � eRAB�� � �� eRAB�� � eRCDEF � eRGH���

� �j eRAB��j� � �jr eRAB��j� � � eRCDEF � eRGH�� � eRAB������

� ��� �jr eRAB��j� � � eRCDEF � eRGH�� � eRAB���

It is easy to see that

���� � eRCDEF � eRGH�� � eRAB�� � C�n� � j eRCDEF j � j eRAB��j��

where � � C�n� � �� depends only on n� Combining ����� ���� and
���� yields

��
� � eRCDEF � eRGH�� � eRAB�� � C�n� �
p
k� � ��

which together with ���� imply that

����
��

�t
� ��� �jreRAB��j� � C�n�

p
k� � ��

Finally we have

��	�
���z� t�

�t
� ���z� t� � C�n�

p
k� ���z� t�� on M 	 ��� T ��

Since by the hypothesis of Theorem ��	 egAB�z� �� is a K�ahler metric� we
obtain

���� eRAB���z� �� 
 �� � A�B� �� � 

thus from ���� it follows that

���� ��z� �� 
 �� � z �M�

By ����� ���� and ��
� we still have

���� � � ��z� t� � k�� on M 	 ��� T ��

Combining ��	�� ����� ���� and using maximum principle Theorem ���
we get

���� ��z� t� � �� on M 	 ��� T ��
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which together with ���� implies

���� ��z� t� 
 �� on M 	 ��� T ��

Thus from ���� and ���� it follows that

���� eRAB���z� t� 
 �� on M 	 ��� T ��

By the same reason we have

���� eR��AB 
 �� eRAB�� 
 �� eR��AB 
 �� on M 	 ��� T ��

Now we de�ne

��
� eRAB�z� t� � egCD�z� t� eRACBD�z� t��

By ��
� we have

eRAB�z� t� � RCD�z� t� � UC
A � UD

B �����

RCD � eRAB � VAC � VBD � where �VAB� � �UB
A ������	�

From ���� we have

����

�egAB � gCD � VAC � VBD �
gCD � egAB � UC

A � UD
B �

Combining ��	� and ���� shows that ���� can be written as

����
�

�t
UA
B � egEF eRFBUA

E �

Suppose the coordinate satis�es ���� at one point� Then

����
�

�t
UA
B � eREBUA

E �

By the de�nition of U � fUA
Bg one can choose a base of the vector

bundle V such that

���� UA
B �z� �� 


�
	 if A � B�

� if A �� B�

From ���� it follows that

����
�

�t
U�

�
� eRE�U�

E � eR��U�
� � eR��U�

� �
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By ���� and ��
� we obtain

eR���z� t� � egCD eR�C�D � eR�D�D

� eR���� � eR���������

which together with ����� ���� yields

���� eR���z� t� 
 �� on M 	 ��� T ��

Similarly�

��
� eR���z� t� 
 �� on M 	 ��� T ��

which together with ���� implies

�
��
�

�t
U�

�
� eR��U�

� � � 	� 
�

From ���� we have

�
	� U�

�
�z� �� 
 �� � 	� 
�

which together with �
�� yields

�
�� U�

�
�z� t� 
 �� on M 	 ��� T ��

Similarly�

�
�� U�
� �z� t� 
 �� on M 	 ��� T ��

By ��
� we get

�
�� RABCD�z� t� � eREFGH�z� t� � VEAVFBVGC VHD �

where �VAB� � �UB
A ���� From �
��� �
�� it follows that

�
�� V�
�

�z� t� 
 �� V�� �z� t� 
 �� on M 	 ��� T ��

Combining �
�� and �
�� we know that

RAB���z� t� � eREFGH�z� t� � VEAVFBVG� VH�
� eREF���z� t� � VEAVFBV�� V�� ��
��
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which together with ���� implies

�
�� RAB���z� t� 
 �� on M 	 ��� T ��

Similarly�

�
��

����	
RAB���z� t� 
 ��

R��AB�z� t� 
 �� on M 	 ��� T ��

R��AB�z� t� 
 ��

Combining ��	� and �
�� we get

R���z� t� � eRAB�z� t� � VA� VB� � eR���z� t� � V��V���

which together with ���� implies

�

� R���z� t� 
 �� on M 	 ��� T ��

Similarly�

�	��� R���z� t� 
 �� on M 	 ��� T ��

From ���� and �

� we know that

�	�	�
�

�t
g���z� t� 
 �� on M 	 ��� T ��

Since gAB�z� �� is a K�ahler metric� from �	�� it follows that

g���z� �� 
 �� z �M�

which together with �	�	� implies

�	��� g���z� t� 
 �� on M 	 ��� T ��

Similarly�

�	��� g���z� t� 
 �� on M 	 ��� T ��

Using �
��� �
�� and ���� we get

�	���

����	
R
����

� R
����

� R
����

� R
����

�

r�R���� � r�R���� � r�R����� on M 	 ��� T ��

r�R����
� r

�
R
����

� r
�
R
����

�
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which implies that

�	��� r�R�� � r�R��� on M 	 ��� T ��

From ���� it follows that

�

�t



�g���z� t�

�z�
� �g���z� t�

�z�

�

�
�

�z�

�
�

�t
g��

�
� �

�z�

�
�

�t
g��

�
�	���

� ��
�R��

�z�
� �

�R��

�z�
�

By de�nition we have

r�R�� �
�R��

�z�
� �A��RA� � �A

��
R�A�

r�R�� �
�R��

�z�
� �A��RA� � �A

��
R�A��	���

where

�	��� �CAB �
	

�
gCD

�
�gDB
�zA

�
�gAD
�zB

� �gAB
�zD

�
�

Combining �	��� and �	��� gives

�

�t

�
�g��
�z�

� �g��
�z�

�
� �r�R��

� �r�R�� � ��A��RA� � ��A��RA��	�
�

� ��A
��
R�A � ��A

��
R�A�

which together with �	��� and the fact that �A�� � �A�� implies

�

�t

�
�g��
�z�

� �g
��

�z�

�
� ��A

��
R�A � ��A

��
R�A�		��

� ���
��
R�� � ���

��
R�� � ���

��
R�� � ���

��
R���

which together with �

� yields

�			�
�

�t

�
�g��
�z�

� �g��
�z�

�
� ���

��
R�� � ���

��
R���
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From �	��� we know that

�		�� ��
��

�
	

�
g�A

�
�gA�
�z�

�
�g�A

�z�
� �g��

�zA

�
�

Combining �	���� �	��� and the fact that �gAB� � �gAB��� we get

�		�� g���z� t� 
 �� g���z� t� 
 �� on M 	 ��� T ��

which together with �		�� implies

�		�� ��
��

�
	

�
g��
�
�g��
�z�

�
�g��

�z�
�
�g��
�z�

�
�

From �	��� it follows that �

�z�
g�� 
 �� so that� in consequence of �		���

�		�� ��
��

�
	

�
g��
�
�g��
�z�

� �g��
�z�

�
�

Similarly�

�		�� ��
��

�
	

�
g��
�
�g��
�z�

�
�g��
�z�

�
�

Substituting �		�� and �		�� into �			�� we obtain

�

�t

�
�g��
�z�

� �g��
�z�

�
� g��R

��

�
�g��
�z�

� �g��
�z�

�
� g��R��

�
�g��
�z�

� �g��
�z�

�
��		��

Since gAB�z� �� is a K�ahler metric� by �	�� we have

�		��
�g���z� ��

�z�
�
�g

��
�z� ��

�z�

 �� on M�

which together with �		�� implies

�		
�
�g

��
�z� t�

�z�
� �g

��
�z� t�

�z�

 �� on M 	 ��� T ��

Combining �	���� �	��� and �		
� shows that gAB�z� t� is a K�ahler met�
ric for every t � ��� T � thus we have completed the proof of Theorem
��	�
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As soon as we have proved that the evolution equation �	� pre�
serves the K�ahlerity of the metrics� we are going to show that evolution
equation �	� also preserves the nonnegativity and the positivity of the
holomorphic bisectional curvature� The corresponding statements in
the compact manifolds case were proved by N� Mok in �����

Theorem ���� Under Assumption A of x
� if M is a complex man�
ifold and egij�x� is a K�ahler metric on M with nonnegative holomorphic
bisectional curvature� then for any t � ��� T �� gij�x� t� are also K�ahler
metrics with nonnegative holomorphic bisectional curvature�

Proof� From Theorem ��	 we know that for any t � ��� T �� gij�x� t�
are K�ahler metrics on M � Thus by �	��� �
��� �
��� �

� and �	��� we
have

�	���

����������	
g���z� t� 
 �� g

���z� t� 
 ��

RAB���z� t� 
 �� RAB���z� t� 
 ��

R��AB�z� t� 
 �� R��AB�z� t� 
 ��

R���z� t� 
 �� R
���z� t� 
 ��

on M 	 ��� T ��

�	�	�

�
R��

� gABR�A�B � g��R����
� g��R����

� �g��R����
�

R�z� t� � gABRAB � g��R�� � g��R�� � �g��R���

which together with ���� imply that

�

�t
R���� ��R���� � �g�g��R���R����

� �g�g��R���R���� � �g�g��R���R����

� g��R
���

R
��

� R
����

R
�

� R
���

R
��

� R
����

R
�

���	���

�

�t
R
����

��R
����

� �g�g��R
���

R
����

� �g�g��R���R���� � �g�g��R���R����

� g��R���R�� � R����R� � R���R��

� R
����

R
�

�� on M 	 ��� T ��

where we have used �	��� and the fact that R
����

� �R
����

� Suppose
we use the abstract vector bundle technique as we did in ����� ����� ����
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and ��	�� and suppose f eRABCDg is de�ned by ��
�� Since ����� ���� and
���� are true� from ��	� it follows that

�

�t
eR����

�� eR���� � �eg�eg�� eR���
eR����

� �eg�eg�� eR
���

eR
����

� �eg�eg�� eR
���

eR
����

�

�

�t
eR���� �� eR���� � �eg�eg�� eR���

eR����

�	���

� �eg�eg�� eR���
eR���� � �eg�eg�� eR���

eR�����

on M 	 ��� T ��

If we choose a local holomorphic coordinate fz�g such that eg�� � ���
at one point� by �	��� we get

�

�t
eR���� �� eR���� � � eR���

eR���

� � eR
���

eR
���

� � eR
���

eR
���

��	���

which can be written as

�	���
�

�t
eR���� � � eR���� �Q�gRm������ on M 	 ��� T ��

where

Q�gRm�
����

�� eR
���

eR
���

� � eR
���

eR
���

� � eR���
eR��� ��	���

By de�nition we know that the holomorphic bisectional curvature is
nonnegative if and only if

�	��� �R
�� � �� � �� � � T �����M  

the holomorphic bisectional curvature is positive if and only if

�	��� �R�� � �� for any �� � � T �����M� � �� �� � �� ��

Combining ��
�� �
��� �
��� �
�� and �
�� we have

�	�
�

��	eR�����z� t� � R����z� t� � U 
� U �

�
U�
� U�

�
�

R����z� t� � eR�����z� t� � V� V�
�
V�� V��  



ricci flow ���

thus �	��� and �	��� are equivalent to

� eR�� � �� � �� � � T �����M��	���

� eR�� � �� � �� � � T �����M� � �� �� � �� ���	�	�

respectively� Therefore to prove Theorem ��� we only need to show that

�	��� � eR��
�z� t� � �� on M 	 ��� T ��

For any �z� t� � M 	 ��� T �� by de�nition the holomorphic tangent

spaces T
�����
z M are independent of t� Now we de�ne the subspace

�	��� S�z� � f� � T �����
z M jk�k� � 	g�

where k k� are the norms with respect to the metric eg���z� t�� From
��
� we know that S�z� are independent of time t inside the abstract
vector bundle V � We de�ne a function � on M 	 ��� T � by

�	��� ��z� t� � supf� � RjA����� z� t� � � for any �� � � S�z�g�

where the tensor fA������� z� t�g is de�ned by

A����
��� z� t� � � eR�����z� t�� �eg���z� t� � eg���z� t�

� �eg���z� t� � eg���z� t���	���

It is easy to see that ��z� t� � C��M 	 ��� T �� is a continuous function�
If we de�ne

A
�����z� t� �� eR�����z� t�

� ��z� t��eg���z� t� � eg���z� t� � eg���z� t� � eg���z� t����	���

then by de�nition

�	��� A��
�z� t� � �� on M 	 ��� T ��

For any �xed �z� t� � M 	 ��� T �� since S�z� is a compact subset of

T
�����
z M � combining �	���� �	��� and �	��� shows that there exist 	� 
 �

S�z� such that

�	��� A
����

�z� t� � ��
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which together with �	��� implies

�	�
� inffA
��

�z� t�j�� � � S�z�g 
 �� on M 	 ��� T ��

By Lemma ��� in R�S� Hamilton ���� we have

�

�t
inffA���z� t�j�� � � S�z�g

� inf

�
�

�t
A
����

�z� t�j	� 
 � S�z� such that A
����

�z� t� � �

�
�

�	���

which together with �	�
� yields

�	�	� inf

�
�

�t
A�����z� t�j	� 
 � S�z� such that A�����z� t� � �

�
� ��

For any �xed �z� t� �M 	 ��� T �� since S�z� is compact� from �	��� and
�	�	� it follows that there exist 	� 
 � S�z� such that

�	���

�
A�����z� t� � ��
�
�tA�����z� t� � ��

which together with �	��� implies

�	��� �A����
�z� t� � ��

On the other hand� by ����� �	��� and �	��� we obtain

�	���
�eg���z� t� � eg���z� t� � eg���z� t� � eg���z� t��

���z� t�

�t

� � �

�t
eR
����

�z� t��

Using ��	�� �	��� and �	��� we get

�� eR
����

�z� t� ��eg���z� t� � eg
��

�z� t�

� eg���z� t� � eg���z� t�����z� t���	���

Combining �	���� �	��� and �	��� gives

�eg��eg�� � eg�� � eg���
���z� t�

�t

� �eg��eg�� � eg�� � eg������z� t� � Q�gRm�
����

��	���
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Since 	� 
 � S�z�� we have

eg���z� t� � eg
��

�z� t� � eg
��

�z� t� � eg���z� t�

� 	 � jeg���z� t�j� � ���	���

which together with �	��� yields that

�	���
���z� t�

�t
� ���z� t� �

	

	 � jeg���z� t�j�Q�gRm������

The function ��z� t� may not be smooth at some points of M 	 ��� T ��
but just as what Hamilton did in ���� we can assume without loss of
generality that ��z� t� is smooth while using the maximum principle�

Lemma ���� Suppose fA����g is a tensor which has the same sym�

metries as f eR
����

g� We let

Q�A����� ��A���A��� � �A���A���

� �A���A����

where we assume that eg�� � ��� at one point� Suppose for a �xed point
z �M we have

�	�
�

�
A
��

� �� � �� � � T
�����
z M�

A���� � �� for some 	� 
 � T
�����
z M�

Then

�	��� Q�A����� � ��

Proof� The same as what N� Mok did in ����� q�e�d�

Now suppose fA
�����z� t�g is de�ned by �	���� and 	� 
 � S�z�

satisfy �	���� From �	���� �	��� and Lemma ��� it follows that

�	�	� Q�A����� � ��

On the other hand� by the de�nition of Q�A����� it is easy to see that

Q�A����� � Q�gRm����� � ��z� t� �gRm
� ��z� t�� � eg � eg��	���
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where � means the linear combinations of the tensor product� Combin�
ing ����� ���� and ���� gives

�	��� j eR�����z� t�j� � k�� on M 	 ��� T ��

Thus by the de�nition of ��z� t� in �	��� and �	��� we get

�	��� j��z� t�j �
p
k�� on M 	 ��� T ��

which together with �	��� and �	��� implies

�	��� jQ�A����� � Q�gRm�����j � C��n� k��j��z� t�j�

where � � C��n� k�� � �� depends only on n and k�� Combining �	�	�
and �	��� we obtain

�	��� Q�gRm����� � �C��n� k��j��z� t�j� on M 	 ��� T ��

which together with �	��� yields

�	���
���z� t�

�t
� ���z� t�� C��n� k��j��z� t�j� on M 	 ��� T ��

On the other hand� by the assumption of Theorem ��� we have

�	��� � eR�����z� �� � �� � z �M  

thus from �	��� and �	��� it follows that

�	�
� ��z� �� � �� � z �M�

Combining �	���� �	���� �	�
� and using Theorem ��� we know that

�	��� ��z� t� � �� on M 	 ��� T ��

which implies that

�	�	� � eR�����z� t� � �� on M 	 ��� T � 

thus by the explanation in �	���� Theorem ��� is true�

Theorem ���� Under Assumption A of x
� if M is a complex man�
ifold and egij�x� is a K�ahler metric on M with positive holomorphic
bisectional curvature� then for any t � ��� T �� the metrics gij�x� t� are
also K�ahler metrics with positive holomorphic bisectional curvature�
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Proof� From Theorem ��� it follows that gij�x� t� are K�ahler metrics
with nonnegative holomorphic bisectional curvature� Using the local
technique as what R�S� Hamilton described in ���� we know that gij�x� t�
actually have positive holomorphic bisectional curvature for any t �
��� T � provided egij�x� has positive holomorphic bisectional curvature�

q�e�d�

�� Controlling the volume element

In this section we want to control the volume element of the solution
to the Ricci �ow evolution equation� Under the assumptions of Theorem
	�	� the author of this paper derived the techniques which were used to
control the volume element of the solution to the Ricci �ow equation
in his Ph�D� thesis ���� in 	

�� Later on we found that with some
modi�cations of the techniques appeared in ����� we can still control
the volume element of the solution to the Ricci �ow equation under
much weaker assumptions than that of Theorem 	�	� In this section we
describe the modi�ed version of the techniques appeared in x� of �����

We make the following assumption

Assumption B� Suppose M is a complete noncompact K�ahler
manifold of complex dimension n with its K�ahler metric egij�x� � ��
Suppose � � � � �� � � T� k�� !�� C� � �� are constants and
gij�x� t� � � is the smooth solution to the Ricci �ow equation

�	�

��	
�

�t
gij�x� t� � ��Rij�x� t�� on M 	 ��� T ��

gij�x� �� � egij�x�� on M�

which satis�es the following assumptions

�i� � � �R
����

�x� �� � k�� x �M����

�ii�

Z
B��x����

R�x� ��dV� � C�

�� � 	�

�Vol�B��x�� �������

x� �M� � � � � ���

�iii� sup
M����T 	

jRijkl�x� t�j� � !�����

where we let

���

�
ds�t � gij�x� t�dxidxj �

des� � ds���
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and use Bt�x� �� to denote the geodesic ball of radius � and centered at
x �M with respect to ds�t � dVt the volume element of ds�t � fRijkl�x� t�g
the curvature tensor of ds�t � R�x� t� the scalar curvature of ds�t � and
Vol�Bt�x� ��� the volume of Bt�x� ���

Under Assumption B� since gij�x� �� is a K�ahler metric with non�
negative holomorphic bisectional curvature� from Theorem ��� it follows
that for any t � ��� T �� gij�x� t� are also K�ahler metrics with nonnegative
holomorphic bisectional curvature

��� �R
����

�x� t� � �� on M 	 ��� T ��

By ��� we get

R���x� t� � �� on M 	 ��� T �����

R�x� t� � �� on M 	 ��� T �����

We de�ne a function F �x� t� on M 	 ��� T �

�
� F �x� t� � log
det�g

��
�x� t��

det�g���x� ���
�

By the de�nition we have

dVt � eF �x�t�dV�� on M 	 ��� T ���	��

�F �x� t�

�t
� g���x� t� � �

�t
g���x� t�

� ��g���x� t�R���x� t�� on M 	 ��� T ��

�

�t
F �x� t� � �R�x� t�� on M 	 ��� T ���		�

which� together with �	�� and ���� yields respectively

�	��
�

�t
dVt � �R�x� t�dVt� on M 	 ��� T ��

�	��
�

�t
F �x� t� � �� on M 	 ��� T ��

On the other hand� by de�nition we have

�	�� F �x� �� 
 �� x �M�
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which together with �	�� implies

�	�� F �x� t� � �� on M 	 ��� T ��

What we are going to do in this section is to prove the following
theorem

Theorem ���� Under Assumption B� there exists a constant
C�n� k�� �� C�� such that

�	�� F �x� t� � �C�n� k�� �� C�� � �t � ��
���
� � on M 	 ��� T ��

where � � C�n� k�� �� C�� � �� depends only on n� k�� � and C�� and is
independent of !� and T �

To prove Theorem ��	 we need to control the volume growth rate ofegij�x� on M � But for the K�ahler manifold �M� egij�x�� in Assumption
B� we do not know what is the volume growth rate of egij�x� on M �
To resolve this problem� we replace the K�ahler manifold �M� egij�x�� in
Assumption B by a new manifold

�	�� cM � M 	 C �

with the product metric

�	�� dbs� � egij�x�dxidxj � dw�dw� � dw�dw��

where egij�x�dxidxj is the K�ahler metric on M which satis�es Assump�
tion B� and dw�dw� � dw�dw� is the standard �at K�ahler metric on
C
� �

By de�nitions �	�� and �	�� we know that �cM� dbs�� is also a complete
noncompact K�ahler manifold which satis�es

� � � bR�����y� � k�� � y � cM��	
� Z
bB�y� ���

bR�y�dy � C�

�� � 	�

�Vol� bB�y�� ��������

� y� � cM� � � � � ���

where k� and � are the constants in Assumption B� � � C� � �� is
a constant depending only on the constants n� � and C� in Assumption
B� bR���� and bR denote the curvature tensor and the scalar curvature

of the metric dbs� respectively� and bB�y�� �� denote the geodesic balls of

dbs� on cM �
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Moreover� we have

��	� dimC
cM � n � � � ��

Since the Ricci curvature on cM is nonnegative� using the volume com�
parison theorem in ��� we get

����
Vol� bB�y�� ����

Vol� bB�y�� ����
�
�
��
��

���n���

� � y� � cM� � � �� � �� � ���

Since the factor C � is �at� it is easy to see that there exists a constant
� � C� � �� depending only on n such that

����
Vol� bB�y�� ����

Vol� bB�y�� ����
� C�

�
��
��

�


� � y� � cM� � � �� � �� � ���

Now suppose gij�x� t� � � is the solution to the Ricci �ow equation �	�
in Assumption B� If we let

���� dbs�t � gij�x� t�dx
idxj � dw�dw� � dw�dw�� on cM 	 ��� T ��

then dbs�t also satis�es the Ricci �ow evolution equation on cM 

����

��	
�

�t
dbs�t � �� � Ricci�dbs�t �� on cM 	 ��� T ��

dbs�� � dbs�� on cM�

Thus �cM� dbs�t � on � � t � T satisfy the following assumption

Assumption C� Suppose M is a complete noncompact K�ahler
manifold of complex dimension n with its K�ahler metric egij�x� � ��
Suppose � � � � �� � � T� k��!� C�� C� � �� are constants and
gij�x� t� � � is the smooth solution to the Ricci �ow equation

����

�
�
�t
gij�x� t� � ��Rij�x� t�� on M 	 ��� T ��

gij�x� �� � egij�x�� on M�
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which satis�es the following assumptions

�i� dimC M � n � ������

�ii� � � �R�����x� �� � k�� x �M�����

�iii� C�

�
��
��

�


� Vol�B��x� ����

Vol�B��x� ����
�
�
��
��

��n

���
�

x �M� � � �� � �� � ���

�iv�

Z
B��x����

R�x� ��dV� � C�

�� � 	�

�Vol�B��x�� ��������

x� �M� � � � � ���

�v� sup
M����T 	

jRijkl�x� t�j� � !���	�

Since dbs�t in ���� are product metrics for all � � t � T � thus if we can
prove that dbs�t satisfy inequality �	��� then gij�x� t� in ���� also satisfy
inequality �	��� Hence in summary� Theorem ��	 can be deduced from
the following theorem

Theorem ���� Under Assumption C� there exists a constant
C�n� k�� �� C�� C�� such that

���� F �x� t� � �C�n� k�� �� C�� C�� � �t � ��
���
� � on M 	 ��� T ��

where � � C�n� k�� �� C�� C�� � �� depends only on n� k�� �� C� and C��
and is independent of ! and T �

In the remainder of this section� we always assume that Assumption
C holds�

Under Assumption C� since gij�x� �� is a K�ahler metric with non�
negative holomorphic bisectional curvature� from Theorem ��� it follows
that for any t � ��� T �� gij�x� t� are also K�ahler metrics with nonnegative
holomorphic bisectional curvature� It is easy to see that ���� ���� ����
�	��� �		�� �	��� �	��� �	�� and �	�� are still true� Since Rij�x� t� � � on
M 	 ��� T �� using the volume comparison theorem in ��� we have

���� Vol�Bt�x� ���� C
�n� � ��n� x �M� � � � � ��� � � t � T�

where � � C
�n� � �� is a constant depending only on n� Combining
��� and ��	� we get

���� � � R�x� t� � �n�
p

!� on M 	 ��� T ��



��� wan�xiong shi

which together with �		� implies

���� � � �

�t
F �x� t� � ��n�

p
!� on M 	 ��� T ��

Since F �x� �� 
 �� we thus have

���� � � F �x� t� � ��n�
p

!t� on M 	 ��� T ��

Combining �	�� and ���� yields

���� dV� � dVt � e�
n
�
p
�tdV�� on M 	 ��� T ��

To prove Theorem ��� we need to use the smooth exhaustion func�
tions constructed in x�� From Assumption C and ��� it follows that

���� Rij�x� �� � �� � x �M�

Suppose x� � M is a �xed point� and 	 � a � �� is a constant to be
determined later� Then from Theorem ��� we know that there exists a
function ��x� � C��M� such that

��
�

������	
	 � ���x�x��

a
� ��x� � C�

h
	 � ���x�x��

a

i
�

jer��x�j� � C�
a
� � x �M�

j����x�j � C�
a�
�

where � � C� � �� is a constant depending only on n� �t�x� x�� is
the distance between x and x� with respect to ds�t �

er is the covariant
derivatives with respect to ds��� j j� is the norm with respect to ds��� and
�t is the Laplacian operator with respect to ds�t � We now let

���� ��x� � e���x�� x �M�

From ��
� we have

��	�

����������������	

��x� � C��M��

��x� � e����
���x�x��

a
	� x �M�

��x� � e�C	 ���
���x�x��

a
	� x �M�

jer��x�j� � C	
a
��x�� x �M�

j����x�j � C	
a�
��x�� x �M�

where � � C � �� is a constant depending only on n�
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Lemma ���� There exists a constant � � C��n� � �� depending
only on n such that

����

Z
M

��x�dV� � C��n� �Vol�B��x�� a���

Also there exists a constant � � C��n� �� C�� � �� depending only on
n� � and C� such that

����

Z
M

R�x� ����x�dV� � C�

a

�Vol�B��x�� a���

Proof� Since ���� is a special case of ���� when R�x� �� 
 	� � � �
and C� � 	� we only need to prove ����� From ��	� we haveZ

M

R�x� ����x�dV�

�
Z
M

R�x� �� � e���� ���x�x��
a

	dV�

�

Z
B��x��a�

R�x� �� � e���� �
a
���x�x��	dV�

�
�X
k��

Z
B��x���k��a�nB��x���ka�

R�x� �� � e���� �
a
���x�x��	dV�

�
Z
B��x��a�

R�x� ��dV�

�
�X
k��

e��
k

Z
B��x���k��a�nB��x���ka�

R�x� ��dV�

�
Z
B��x��a�

R�x� ��dV� �
�X
k��

e��
k

Z
B��x���k��a�

R�x� ��dV��

which together with ���� of Assumption C impliesZ
M

R�x� ����x�dV� � C�

�a� 	�

�Vol�B��x�� a��

�
�X
k��

e��
k � C�

��k��a � 	�

�Vol�B��x�� �

k��a��

�C�

a

�Vol�B��x�� a��

�
�X
k��

e��
k � C�

��k��a�

�Vol�B��x�� �

k��a���
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which together with ��
� of Assumption C yieldsZ
M

R�x� ����x�dV� �C�

a

�Vol�B��x�� a��

�
�X
k��

e��
k � C�

��k��a�

� ��k����n �Vol�B��x�� a������

�C��n� �� C��

a

�Vol�B��x�� a���

Thus ���� is true� q�e�d�

From ���� it follows that

���� � �

Z
M

��x�dVt �
Z
M

��x�dV�� � � t � T�

which� together with ����� implies

���� � �

Z
M

��x�dVt � C� �Vol�B��x�� a��� � � t � T�

By �	�� we get

�

�t

Z
M

��x�dVt �

Z
M

��x�
�

�t
dVt

��
Z
M

��x�R�x� t�dVt� � � t � T�����

From ��� we know that

�

�t
g
��

�x� t� � ��R
��

�x� t� � �� on M 	 ��� T ������

g
��

�x� t� � g
��

�x� ��� on M 	 ��� T ����
�

Combining �	�� and ��
� gives

R�x� t�dVt � R�x� t�eF �x�t�dV�

� �g���x� t�R
��

�x� t� � eF �x�t�dV�

� �g���x� t�R���x� t� �
det�g���x� t��

det�g
��

�x� ���
dV�����

� �g���x� ��R���x� t�dV�� on M 	 ��� T ��
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where we have used ���� Substituting ���� into ���� yields

��	�
�

�t

Z
M

��x�dVt � ��

Z
M

g���x� ��R���x� t���x�dV�� � � t � T�

By the de�nition �
� of F �x� t�� we have

����
��F �x� t�

�z��z�
� R���x� ���R���x� t��

Thus

��F �x� t� ��g���x� ��
��F �x� t�

�z��z�

��g���x� ��R���x� ��� �g���x� ��R���x� t�����

�R�x� ��� �g���x� ��R���x� t��

��g���x� ��R���x� t� � �R�x� �� � ��F �x� t������

Combining ��	� and ����� and using Lemma ��� we obtain

�

�t

Z
M

��x�dVt � �
Z
M

R�x� ����x�dV�

�

Z
M

��x���F �x� t� � dV�����

� � C�

a

Vol�B��x�� a�� �

Z
M

��x���F �x� t� � dV��
� � t � T�

Lemma ���� For any t � ��� T � we always have

����

Z
M

��x���F �x� t� � dV� �

Z
M

F �x� t�����x� � dV��

Proof� By Assumption C and Lemma ��� we know that for any
integers m � �� we have

���� sup
x�M

jrmRijkl�x� t�j� � C�n�m�

�
!

�
	

t

�m

� !
m
� ��

�
� � � t � T�

which implies

���� sup
x�M

jrtR�x� t�j� � C�n�

�
!

t
� !

�
�

�
� � � t � T�



��� wan�xiong shi

where rt denote the covariant derivatives with respect to ds�t � ���� can
be written as

��
� gij�x� t�
�R�x� t�

�xi
� �R�x� t�

�xj
� C�n�

�
!

t
� !

�
�

�
� on M 	 ��� T ��

From ��
� it follows that gij�x� �� � gij�x� t� on M 	 ��� T �� so that� in
consequence of ��
��

gij�x� ��
�R�x� t�

�xi
� �R�x� t�

�xj
� C�n�

�
!

t
� !

�
�

�
� on M 	 ��� T ��

sup
x�M

jerR�x� t�j�� � C�n�

�
!

t
� !

�
�

�
� � � t � T�����

On the other hand� from �		� we know that

��	�
�

�t
eriF �x� t� � eri

�
�

�t
F �x� t�

�
� �eriR�x� t��

which together with �	�� and ���� implies

jerF �x� t�j� �
Z t

�
jerR�x� s�j�ds

�
Z t

�

p
C�n�

�
!

s
� !

�
�

� �
�

ds����

� eC�n�
hp

!t � !
�
� t
i
� � x �M� � � t � T�

Combining ����� ����� ��	� and ���� shows that for any �xed t � ��� T �
we can integrate by partZ

M

��x���F �x� t� � dV� �

Z
M

��x� � gij�x� ��eri
erjF �x� t� � dV�

� �
Z
M

gij�x� �� � eri��x� � erjF �x� t� � dV�

�

Z
M

F �x� t� � gij�x� ��erj
eri��x� � dV�

�

Z
M

F �x� t�����x� � dV��

Thus the Lemma is true� q�e�d�
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Combining ���� and Lemma ��� yields

�

�t

Z
M

��x�dVt �� C�

a

Vol�B��x�� a��

�

Z
M

F �x� t�����x� � dV�� � � t � T�����

which together with �	�� and ��	� implies

�

�t

Z
M

��x�dVt �� C�

a

Vol�B��x�� a��

�
C

a�

Z
M

F �x� t���x�dV�� � � t � T�����

� �

�t

Z
M

��x�dVt �C�

a

Vol�B��x�� a��

� C

a�

Z
M

F �x� t���x�dV�� � � t � T�����

Integrating ���� from � to t gives

Z
M

��x�dV� �
Z
M

��x�dVt

�C�t

a

Vol�B��x�� a��� C

a�

Z t

�

Z
M

F �x� s���x�dV�ds�����

Since dVt � eF �x�t�dV�� from ���� it follows that

Z
M

�	� eF �x�t����x�dV� �C�t

a

Vol�B��x�� a��

� C

a�

Z t

�

Z
M

F �x� s���x�dV�ds�����

� � t � T�

By �	�� and �	�� we obtain

���� � � F �x� s� � F �x� t�� � x �M� � � s � t � T�
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Combining ���� and ���� yieldsZ
M

�	� eF �x�t����x�dV�

�C�t

a

Vol�B��x�� a��

� C

a�

Z t

�

Z
M

F �x� t���x�dV�ds��
�

�
C�t

a

Vol�B��x�� a��

� Ct

a�

Z
M

F �x� t���x�dV�� � � t � T�

Now we de�ne

���� Fmin�t� � inf
x�M

F �x� t�� � � t � T�

Using �	��� ���� and ���� we have

��	�

����	
Fmin��� � ��

� � Fmin�t� � ��n�
p

!t� � � t � T�

Fmin�s� � Fmin�t�� � � s � t � T�

Combining �	�� and Lemma ��� we getZ
M

F �x� t���x�dV� � Fmin�t�

Z
M

��x�dV�

� C�Fmin�t� �Vol�B��x�� a�������

� � t � T�

Substituting ���� into ��
� yieldsZ
M

�	� eF �x�t����x�dV�

� C�t

a

Vol�B��x�� a��� CC�t

a�
Fmin�t� �Vol�B��x�� a������

�

�
C�t

a

� CC�t

a�
Fmin�t�

�
�Vol�B��x�� a��� � � t � T�

It is easy to see that

���� 	� eF � �F

�
� for � � F � �	�
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which impliesZ
M

�	� eF �x�t����x�dV� �

Z
fF���g

�	� eF ���x�dV�

�

Z
fF���g

�	� eF ���x�dV�

�� 	

�

Z
fF���g

F �x� t���x�dV�����

�
	

�

Z
fF���g

��x�dV��

Since every term on the right�hand side of ���� is nonnegative� we have

�
Z
fF���g

F �x� t���x�dV� � �

Z
M

�	� eF �x�t����x�dV��

����

Z
fF���g

��x�dV� � �

Z
M

�	� eF �x�t����x�dV��

����

�
Z
fF���g

F �x� t���x�dV� � �Fmin�t�

Z
fF���g

��x�dV�

����

� ��Fmin�t�

Z
M

�	� eF �x�t����x�dV��

Combining ���� and ���� we get

�
Z
M

F �x� t���x�dV�

� ��	� Fmin�t��

Z
M

�	� eF �x�t����x�dV����
�

which together with ���� implies

�
Z
M

F �x� t���x�dV�

� ��	� Fmin�t��

�
C�t

a

� CC�t

a�
Fmin�t�

�
�Vol�B��x�� a�������

� � t � T�
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On the other hand� from ���� and ��	� it follows that

�
Z
M

F �x� t���x�dV�

� �
Z
B��x��a�

F �x� t���x�dV�

� �
Z
B��x��a�

F �x� t�e�C	 ���
�
a
���x�x��	dV���	�

� �
Z
B��x��a�

F �x� t�e�C	 ���
a
a
	dV�

� �e��C	

Z
B��x��a�

F �x� t�dV��

Combining ���� and ��	� yields

Lemma ���� For any �xed point x� �M and constant 	 � a � ���
we have

�
Z
B��x��a�

F �x� t�dV� ��e�C	 �	� Fmin�t��

�
�
C�t

a

� CC�t

a�
Fmin�t�

�
�Vol�B��x�� a�������

� � t � T�

The next step is to estimate Fmin�t� in terms of

Z
B��x��a�

F �x� t�dV��

To do this we need to use the Green�s function on M � Suppose G��x� y�
is the Green�s function on M with respect to the metric gij�x� ��

����

����	
G��x� y� � ��

x� y �M�

��G��x� y� � ��x�y��

where �x�y� denotes the Delta function�

Lemma ���� There exist constants � � C�� C��� C�� � �� depend�
ing only on n and C� such that for � x� y �M�

C����x� y��

Vol�B��x� ���x� y���
�G��x� y� � C�����x� y��

Vol�B��x� ���x� y���
�

����

jerG��x� y�j� � C�����x� y�

Vol�B��x� ���x� y���
�����
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Proof� Using the result of P� Li and S�T� Yau ����� we know that
there exist two constants � � C��� C�� � �� depending only on n such
that

C��

Z ��

���x�y��

dt

Vol�B��x�
p
t��

� G��x� y�

� C��

Z ��

���x�y��

dt

Vol�B��x�
p
t��

�����

� x� y �M�

By ��
� in Assumption C we obtain

C�t
�

���x� y�

Vol�B��x� ���x� y���� Vol�B��x�

p
t��

� tn

���x� y��n
Vol�B��x� ���x� y���� for t � ���x� y���

����

which� together with ���� implies that ���� is true� Thus ���� follows
from the S�Y� Cheng and S�T� Yau �	�� gradient estimate for harmonic
functions� q�e�d�

Now we �x a point x� �M � For any constant 	 � � we de�ne

���� �� � fy �M jG��x�� y� � 	g�

Since ��
� in Assumption C implies

C��

 �Vol�B��x� 	��� Vol�B��x� ���� ��n �Vol�B��x� 	���

� x �M� 	 � � � �� ��
�

thus by ���� we know that G��x� y� satis�es

C�

���x� y��n�� �Vol�B��x� 	��
� G��x� y�

� C��

���x� y�� � C� Vol�B��x� 	��
��
��

� x� y �M� ���x� y� � 	�
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From �
�� it follows thatG��x� y� do exist and decay to zero as ���x� y� ��
��� Thus for any constant 	 � �� �� �M is a compact subset of M
and

�
	� ��� � fy �M jG��x�� y� � 	g�

Since G��x�� y�� 	 
 � on ���� by ���� it is easy to see that for any
function U�y� � C����� we have

U�x�� �

Z
��

�	�G��x�� y����U�y�dV��y�

�
Z
���

U�y�
�G��x�� y�

��
d��y���
��

where �� denotes the outer unit normal vectors of ���� d��y� denotes
the volume element of ��� at y with respect to the metric gij�x� ���

For any �xed t � ��� T �� let U�y� � F �y� t�� Then from �
�� we get

F �x�� t� �

Z
��

�	�G��x�� y����F �y� t�dV��y�

�
Z
���

F �y� t�
�G��x�� y�

��
d��y���
��

Lemma ���� We have

�
�� ��F �y� t� � R�y� ��� � y �M� � � t � T�

Proof� The use of ��� yields

�
�� g���x� ��R��
�x� t� � �� on M 	 ��� T ��

which together with ���� implies the lemma� q�e�d�

By the de�nition of �� we have

�
�� 	� G��x�� y� � �� � y � �� 

thus from Lemma ��� and the facts that R�y� ��� � and 	 � ��

�	�G��x�� y����F �y� t� ��	�G��x�� y��R�y� ��

� �G��x�� y�R�y� ��� � y � ����
��
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Substituting �
�� into �
�� gives

F �x�� t� � �
Z
��

G��x�� y�R�y� ��dV��y�

�
Z
���

F �y� t�
�G��x�� y�

��
d��y���
��

On the other hand� from ��
� it follows that

	

��n�� �Vol�B��x�� 	��
� ��

Vol�B��x�� ���

� 	

C��� �Vol�B��x�� 	��
��

�

for 	 � � � ���

Now we assume that 	 satis�es

�	��� � � 	 � 	

Vol�B��x�� 	��
�

Then from �

� we know that there exists a number ��	� � 	 such that

�	�	�
��	��

Vol�B��x�� ��	���
� 	�

For any y � ���� from �
	� it follows that G��x�� y� � 	� Thus com�
bining ���� and �	�	� we get for � y � ����

C����x�� y��

Vol�B��x�� ���x�� y���
� ��	��

Vol�B��x�� ��	���

� C�����x�� y��

Vol�B��x�� ���x�� y���
��	���

C�
���x�� y��

��	��
�Vol�B��x�� ���x�� y���

Vol�B��x�� ��	���

�C��
���x�� y��

��	��
��	���

which together with ��
� in Assumption C implies

�	��� C����	� � ���x�� y� � C����	�� � y � ����

where � � C��� C�� � �� are constants depending only on n and C��
Thus

�	��� B��x�� C����	�� � �� � B��x�� C����	���
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Combining ����� �	��� and �	��� yields

jerG��x�� y�j� � C�
��	�

Vol�B��x�� ��	���
� � y � �����	��� �����G��x�� y�

��

���� � C�
��	�

Vol�B��x�� ��	���
� � y � �����	���

where � � C�
 � �� is a constant depending only on n and C�� and ��

is the outer unit normal vector of ����
Since F �y� t� � � on M 	 ��� T �� we have� in consequence of �	����

�
Z
���

F �y� t�
�G��x�� y�

��
d��y�

� C�
��	�

Vol�B��x�� ��	���

Z
���

F �y� t�d��y���	���

Since G��x�� y� � �� R�y� �� � �� from �	��� it follows thatZ
��

G��x�� y�R�y� ��dV��y�

�
Z
B��x��C�������

G��x�� y�R�y� ��dV��y�

�
Z
B��x����

G��x�� y�R�y� ��dV��y�

�	�
�

�
sX

k��

Z
B��x���k�nB��x���k���

G��x�� y�R�y� ��dV��y��

where

�		�� s � 	 � max

��
log�C����	��

log �

�
� �

�
�

By ���� in Assumption C we get

�			� � � R�y� �� � �n�k�� � y �M�

Thus Z
B��x����

G��x�� y�R�y� ��dV��y�

� �n�k�

Z
B��x����

G��x�� y�dV��y���		��
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Combining ��
� of Assumption C� ���� and �		�� we getZ
B��x����

G��x�� y�R�y� ��dV��y�

� �n�k�

Z
B��x����

C�����x�� y��

Vol�B��x�� ���x�� y���
dV��y�

� �n�k�C��

�X
k��

Z
B��x��

�
�k��

�nB��x��
�
�k

�

���x�� y��dV��y�

Vol�B��x�� ���x�� y���

� �n�k�C��

�X
k��

Z
B��x��

�
�k��

�nB��x��
�
�k

�

�����k��

Vol�B��x��
�
�k

��
dV��y�

�		��

� �n�k�C��

�X
k��

�
	

�

��k�� Vol�B��x��
�

�k��
��

Vol�B��x��
�
�k

��

� �n�k�C��

�X
k��

�
	

�

��k��
� ��n � C���

where � � C�� � �� is a constant depending only on n� k� and C�� On
the other hand� from ���� it follows thatZ

B��x���k�nB��x���k���
G��x�� y�R�y� ��dV��y�

�
Z
B��x���k�nB��x���k���

C�����x�� y��

Vol�B��x�� ���x�� y���
R�y� ��dV��y�

�
Z
B��x���k�nB��x���k���

��kC��

Vol�B��x�� �k����
R�y� ��dV��y�

�		��

� �kC��

Vol�B��x�� �k����

Z
B��x���k�

R�y� ��dV��y��

which together with ��
� and ���� of Assumption C yieldsZ
B��x���k�nB��x���k���

G��x�� y�R�y� ��dV��y�

� �kC��

Vol�B��x�� �k����
� C�

��k � 	�

Vol�B��x�� �

k��

�		��

� C�C����
k���


Vol�B��x�� �k��

Vol�B��x�� �k����
� ��nC�C����

k���
�
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Combining �	�
�� �		�� and �		�� we getZ
��

G��x�� y�R�y� ��dV��y�

� C�� �
sX

k��

��nC�C����
k���
 � C���

s���
 ��		��

where � � C� � �� is a constant depending only on n� k�� �� C� and
C�� Combining �		�� and �		�� implies

�		��

Z
��

G��x�� y�R�y� ��dV��y� � C����	���
�

where � � C�� � �� is a constant depending only on n� k�� �� C� and
C�� Combining �
��� �	��� and �		�� yields

F �x�� t� �� C����	���


�
C�
��	�

Vol�B��x�� ��	���

Z
���

F �y� t�d��y���		��

Suppose 	 � � satis�es �	���� Then for any 
 � ��� � 	�� from �		�� it
follows that

F �x�� t� � � C����
���


�
C�
��
�

Vol�B��x�� ��
���

Z
���

F �y� t�d��y���		
�

	

�
� 
 � 	�

By the de�nition of ��
� in �	�	��

��	��

� �Vol�B��x�� ��	���
� ��
��

Vol�B��x�� ��
���

� ��	��

Vol�B��x�� ��	���
�

	

�
� 
 � 	��	���

��
��

��	��
�Vol�B��x�� ��
���

Vol�B��x�� ��	���
� �

��
��

��	��
�
	

�
� 
 � 	�

which together with ��
� of Assumption C implies

�	�	� C����	� � ��
� � C����	��
	

�
� 
 � 	�
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where � � C��� C�� � �� are constants depending only on n and C��
Combining �		
�� �	��� and �	�	� gives

F �x�� t� �� C����	���


�
C����	�

Vol�B��x�� ��	���

Z
���

F �y� t�d��y���	���

	

�
� 
 � 	�

where � � C�� � �� is a constant depending only on n� k�� �� C� and
C�� Integrating �	��� from �

� to 	� we obtain

F �x�� t� �
�

	

Z �

�
�

F �x�� t�d


�� C����	���
�	���

�
C����	�

Vol�B��x�� ��	���
� �

	

Z �

�
�

Z
���

F �y� t�d��y�d
�

For any y � ���� if we use �� to denote the outer unit normal vectors of
���� then

�	��� d
 �
�G��x�� y�

��
d��

Combining �	���� �	���� �	�	� and �	��� we know that

d��y�d
 �
�G��x�� y�

��
d��y�d�

�

�����G��x�� y�

��

����d��y�jd�j�
�����G��x�� y�

��

����dV��y�

� C�
��
�

Vol�B��x�� ��
���
dV��y��	���

� C����	�

Vol�B��x�� ��	���
dV��y�� y � ����

	

�
� 
 � 	�

where � � C�� � �� is a constant depending only on n and C�� Since
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F �y� t� � � on M 	 ��� T �� from �	��� and �	��� it follows thatZ �

�
�

Z
���

F �y� t�d��y�d


� C����	�

Vol�B��x�� ��	���

Z
��

�
n��

F �y� t�dV��y�

� C����	�

Vol�B��x�� ��	���

Z
��

�

F �y� t�dV��y��	���

� C����	�

Vol�B��x�� ��	���

Z
B��x��C����

�
�
��
F �y� t�dV��y��

Combining �	�	� and �	��� we obtain

�

	

Z �

�
�

Z
���

F �y� t�d��y�d


� �C��

��	�

Z
B��x��C����

�
� ��

F �y� t�dV��y���	���

which together with �	��� implies

F �x�� t� �� C����	���


�
�C��C��

Vol�B��x�� ��	���

Z
B��x��C����

�
� ��

F �y� t�dV��y���	���

Given number a such that

�	�
� a � 	 �

�r
�

C�
� 	

�
C���

we let

�	��� 	 � �

�
a

C��

�� 	

Vol�B��x��
a
C��

��
�

From ��
� of Assumption C it follows that

� � 	 � �

C�

�
C��

a

�� 	

Vol�B��x�� 	��

� 	

Vol�B��x�� 	��
 �	�	�
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thus 	 satis�es �	���� Combining �	�	� and �	��� shows that ���� � can
be chosen as

�	��� ��
	

�
� �

a

C��
�

Now �	��� implies

F �x�� t� �� C����	���


�
�C��C��

Vol�B��x�� ��	���

Z
B��x��a�

F �y� t�dV��y���	���

By �	�	� we get

�	��� C����	� � ��
	

�
� � C����	��

which together with �	��� yields

�	���
a

C��C��
� ��	� � a

C��C��
�

Combining ��
� of Assumption C and �	��� we have

�	��� C�� � Vol�B��x�� ��	���

Vol�B��x�� a��
� C���

where � � C��� C�� � �� are constants depending only on n and C��
Combining �	���� �	��� and �	��� shows that the following lemma is
true

Lemma ���� For any �xed point x� � M and number a which
satis�es 	���� we have

F �x�� t� � � C�
a
��


�
C�


Vol�B��x�� a��

Z
B��x��a�

F �y� t�dV��y���	���

� � t � T�

where � � C�
 � �� is a constant depending only on n� k�� �� C� and
C��

For any �xed t � ��� T �� we choose a point x� � M such that
F �x�� t� � �

�Fmin�t� � �� Suppose the number a satis�es �	�
�� Then
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from Lemma ��� and Lemma ��� it follows that

Fmin�t� � �F �x�� t� �� �C�
a
��


�
�C�


Vol�B��x�� a��

Z
B��x��a�

F �y� t�dV��y�

�� �C�
a
��
 � �C�
e

�C	 �	� Fmin�t���	���

�
�
C�t

a

� CC�t

a�
Fmin�t�

�
� � � t � T�

Now we let

a �	 �

�r
�

C�
� 	

�
C��

� �eC	
p
CC�C�
�t � ��

�
� �	� Fmin�t��

�
� ��	�
�

Then a satis�es �	�
�� Substituting �	�
� into �	���� gives

Fmin�t� � � C���t � ��
���
� �	� Fmin�t��

���
�

�
	

�
Fmin�t�� � � t � T��	���

where � � C�� � �� is a constant depending only on n� k�� �� C� and
C�� From �	��� we get

	� Fmin�t� �
�

	 �
�

�
C��

�
�t � ��

���
� �	� Fmin�t��

���
� �

�	�	�

� � t � T�

	� Fmin�t� �
�

	 �
�

�
C��

� �
�

�t � ��
���
� � � � t � T�

�	���

Thus

�	��� Fmin�t� � �C��t � ��
���
� � � � t � T�

where � � C� � �� is a constant depending only on n� k�� �� C� and
C�� Combining ���� and �	��� yields

�	��� F �x� t� � �C��t � ��
���
� � on M 	 ��� T ��
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Thus the proof of Theorem ��� is completed� Since the constant C� in
���� depends only on n� as we already mentioned� Theorem ��	 now
follows from Theorem ����

Remark� If the constant � � � in Assumption B� then the corre�
sponding statement of Theorem ��	 is

�	��� F �x� t� � �C�n� k�� C�� � log�t � ��� on M 	 ��� T ��

where � � C�n� k�� C�� � �� is a constant depending only on n� k� and
C�� and is independent of !� and T � The proof of �	��� is the same
as the proof of Theorem ��	� Under the assumptions of Theorem 	�	�
�	��� was proved by the author of this paper in ���� in 	

��

Corollary ��	� Under Assumption B� there exists a constant � �

C�� � �� depending only on n� k�� � and C� such that

g���x� �� � g���x� t� � e�C�
�t���
���
� � g���x� ����	���

on M 	 ��� T ��

ds�� � ds�t � e�C�
�t���
���
� � ds��� � � t � T��	���

Proof� Under Assumption B� from Theorem ��	 we know that there
exists a constant � � C�� � �� depending only on n� k�� � and C� such
that

�	��� F �x� t� � �C���t � ��
���
� � on M 	 ��� T ��

Combining �
� and �	��� we have

�	�
�
det�g���x� t��

det�g
��

�x� ���
� e�C�
�t���

���
� � on M 	 ��� T ��

which together with ��
� implies �	��� and �	���� q�e�d�

�� Long time existence

In this section� we are going to prove the long time existence for the
solution to the Ricci �ow equation

�	�

�
�
�t
gij�x� t� � ��Rij�x� t��

gij�x� �� � egij�x�� x �M
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under the following assumption

Assumption D� �M� egij�x�� is a complex n�dimensional complete
noncompact K�ahler manifold which satis�es

�i� � � �R�����x� �� � k�� x �M����

�ii�

Z
B��x����

R�x� ��dV� � C�

�� � 	�

�Vol�B��x�� �������

x� �M� � � � � ���

where � � � � � and � � k�� C� � �� are constants�

Under Assumption D� from Theorem ��� we know that the Ricci
�ow equation �	� has a smooth solution gij�x� t� � � for a short time

��� � � t � ���n�

k�

and satis�es the following estimates

��� sup
x�M

jrmRijkl�x� t�j� � C�n�m� � k��
tm

� � � t � ���n�

k�
� m � ��

where � � ���n� � �� is a constant depending only on n� � �
C�n�m� � �� are constants depending only on n and m� Thus we
have

Lemma ���� Under Assumption D� there exists a constant � � T �
�� such that the following Assumption E holds on M 	 ��� T ��

Assumption E� Suppose �M�egij�x�� is a complex n�dimensional
complete noncompact K�ahler manifold� and gij�x� t� � � is a smooth
solution to the Ricci �ow equation �	� on M 	 ��� T � such that

�i� � � �R�����x� �� � k�� x �M����

�ii�

Z
B��x����

R�x� ��dV� � C�

�� � 	�

�Vol�B��x�� �������

x� �M� � � � � ���
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�iii�
���n�

k�
� T � ������

�iv� sup
x�M

jrmRijkl�x� t�j� � C�n�m� � k��
tm

��
�

� � t � ���n�

k�
� m � ��

�v� sup
M����T 	

jRijkl�x� t�j� � !��	��

where � � ! � �� is a constant� and the other constants in ���� ����
��� and �
� are de�ned by ���� ���� ��� and ����

Lemma ���� Under Assumption E� gij�x� t� are K�ahler metrics for
any t � ��� T � and satisfy the following estimates�

�R�����x� t� � �� on M 	 ��� T ���		�

F �x� t� � �C��t � ��
���
� � on M 	 ��� T ���	��

g���x� �� � g���x� t� � e�C��t���
���
� � g���x� ����	��

on M 	 ��� T ��

where � � C� � �� is a constant depending only on n� k�� � and C��

Proof� Since Assumption E implies Assumption B in x�� by Theorem
���� gij�x� t� are K�ahler metrics for any t � ��� T �� by ��� of x�� �		� is
true� by Theorem ��	 and Corollary ��
� �	�� and �	�� are true� q�e�d�

To prove the long time existence for the solution to the Ricci �ow
equation �	� we have to establish some prior estimates of gij�x� t� on
M 	 ��� T � under Assumption E� More precisely� we are going to es�
timate the derivatives of gij�x� t� only in terms of n� k�� �� C� and t�
Especially they are independent of !� Since the Ricci �ow equation �	�
is the parabolic version of the complex Monge�Amp�ere equation on the
K�ahler manifolds� we know that inequality �	�� is the parabolic ver�
sion of the corresponding second order estimate for the Monge�Amp�ere
equation� The derivative estimate for gij�x� t� is the parabolic version
of the corresponding third order estimate for the Monge�Amp�ere equa�
tion� The third order estimate for the Monge�Amp�ere equation was
developed by E� Calabi in ��� and later used by S�T� Yau in ����� In
this section we want to establish the parabolic version of the third order
estimate for the Monge�Amp�ere equation�
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At the beginning we let

�	�� �� �
���n�

k�
�

We use br � r�� to denote the covariant derivatives with respect to the
metric ds��� � and b� � ��� to denote the Laplacian operator with respect
to the metric ds��� � From �
� we get

�	�� sup
x�M

jbrmRijkl�x� ���j� � bC�n�m�km��
� � m � ��

where � � bC�n�m� � �� are constants depending only on n and m�
We also denote

bgij�x� � gij�x� ���� x �M��	�� bRijkl�x� � Rijkl�x� ���� x �M��	��

Thus

�

�t
g���x� t� �� �R���x� t� � �

��

�z��z�
log det�g���x� t��

��
��

�z��z�
log

det�g���x� t��

det�g���x� ����
� �R���x� ���

��br�
br� log

det�g���x� t��

det�g���x� ����
� �R���x� ����	��

��br��g���x� t�br�
g
��

�x� t��� �R
��

�x� ���

��g�� br�
br�

g
��

� �br�g
�� � br�

g
��
� � bR

��
�

On the other hand� since g
���x� t� are K�ahler metrics on M for any

t � ��� T � by Lemma ���� we have

�	
�

����	
br�g�� � br�g���

on M 	 ��� T ��br�g�� � br�g���

Suppose we choose a coordinate system such that bg
��

� ��� at one
point� We have the interchange formulas of the covariant derivatives
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Suppose fV�g and fV�g are any covectors of �	� �� type and ��� 	� type
respectively� Then

����

����������	
br�
br�V� � br�

br�V� �br�
br�V� � br�

br�V� �br�
br�V� � br�

br�V� � bR����V��br�
br�V� � br

�
br�V� � bR����V��

Using �	
� and ���� we getbr�
br�

g
��

� br�
br
�
g
��

� br
�
br�g�� � bR���g� � bR���g���	�

� br
�
br�g�� � bR

���
g
�
� bR

���
g
�
�br

�
br�g�� � br�

br�g�� � bR���g� � bR���g������

Since bR��� � bR���� from ��	� and ���� it follows that

���� br�
br�

g
��

� br�
br
�
g
��

� bR
���

g
�
� bR

���
g
�
�

Combining ��	� and ���� implies

�br�
br
�g�� �br�

br�g�� � br�
br�g��

� bR���g� � bR���g� � � bR���g������

where we have also used the curvature property that bR��� � bR����
On the other hand� it is easy to see that

���� br�g
�� � �g�g�� br�g��

Substituting ���� and ���� into �	�� gives

�

�t
g�� �g�� br�

br�g�� � g�� br�
br�g�� � g��g�

bR���

� g��g�
bR
���

� � bR
���

g��g�����

� �g�g�� br�g� � br�g�� � � bR���

Since by �	�	� of x�� bR���g
��g� � bR���� � � bR��� where bR�� denotes

the Ricci curvature of bg��� by ���� we get

�

�t
g
��

�g� br
�
brg�� � g� br

br
�
g
��

� g��g
�
bR���

� g��g�
bR��� � �g�g�� br�g� � br�g�������
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Since g��g�� � ��� � we have

�

�t
g�� � �g��g�� �

�t
g
��
�

which together with ���� yields

�

�t
g�� �� g��g��g� br

�
brg�� � g��g��g� br

br
�g��

� g��g��g��g�
bR
���

� g��g��g��g
�
bR
���

����

� �g��g��g�g�� br�g� � br�g���

On the other hand� by ���� we get

br�
brg

�� � � br��g
��g�� brg���

� � g��g�� br�
brg�� � g�� br�g

�� � brg��

� g�� br�g
�� � brg��

� � g��g�� br�
brg�� � g��g�
gw� br�

g
w

� brg��

� g��g�
gw� br�gw
 � brg���

� g��g��g� br�
brg�� � g� br�

brg
����
�

� g��g�
gw�g� br
�
g
w

� brg��

� g��g�
gw�g� br
�gw
 � brg���

Similarly�

� g��g��g� br
br�g��

�g� br
br
�
g�� � g��g�
gw�g� brgw
 � br�

g
��

����

� g��g�
gw�g� brgw
 � br�g���
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Substituting ��
� and ���� into ����� we have

�

�t
g�� �g� br

�
brg

�� � g� br
br
�
g��

� g��g�
gw�g� br�gw
 � brg��

� g��g�
gw�g� br�gw
 � brg��

� g��g�
gw�g� brgw
 � br�g����	�

� g��g�
gw�g� brgw
 � br�g��

� �g��g��g�g�� br�g� � br�g��

� g��g�� bR���� � g��g�� bR�����

Combining �	
� and ��	� implies

�

�t
g�� �g� br�

brg
�� � g� br

br�g
��

� �g��gw�g�
g� brg�� � br�gw
����

� g��g�� bR���� � g��g�� bR�����

For any two tensors A and B� let A�B denote the linear combination
of the tensor product of A and B� Let bg� bg���dRm� g� g�� and Rm denotebg��� bg��� bRijkl� g��� g

�� and Rijkl respectively� Let

g� �g � g� g� � g � g � g� � � � �
g�� �g�� � g��� g�� � g�� � g�� � g��� � � � �����

Since Rij � gklRikjl� the Ricci curvature can be denoted as g�� � Rm�
Thus ���� can be written as

�

�t
g
��

�g� br
�
brg�� � g� br

br
�
g
��

� �g�g�� br�g� � br�g�� � g�� � g � bg�� �dRm�����
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Di�erentiating both sides of ���� yields

�

�t
br�g�� �br�

�
�

�t
g��

�
� br� �g� br�

brg�� � g� br
br�g��

� �g�g�� br�g� � br�g�� � g�� � g � bg�� �dRm�

�g� br�
br
�
brg�� � g� br�

br
br
�
g
��

� br�g
� � br

�
brg��

� br�g
� � br

br
�
g
��
� �g�g�� br�g� � br�

br
�
g������

� �g�g�� br
�g�� � br�

br�g�

� �g� � br�g
�� � br�g� � br�g��

� �g�� � br�g
� � br�g� � br�g��

� br� �g�� � g � bg�� �dRm��

Using formulas ���� we obtain

br�
br�
brg�� �br�

br�
brg�� � bR��


br
g��

� bR���

brg
� � bR��
�

brg�
����

�br�
br�
brg�� � dRm � bg�� � brg

�br�
br
br�g�� � dRm � bg�� � brg�

br�
br
br�g�� �br

br�
br�g��

�br�br�
br�g�� � bR���
g
� � bR��
�g�
�

�br�br�
br�g�� � g � bg�� �dRm�����

�br
br�
br�g�� � dRm � bg�� � brg

� g � bg�� � brdRm�
which together with ���� yields

g� br�
br�
brg�� � g� br�

br
br�
g
��

�g� br
�
br
br�g�� � g� br

br
�
br�g������

� g�� �dRm � bg�� � brg � g�� � g � bg�� � brdRm�
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From ���� it follows that

br�g
� � br�

brg�� � br�g
� � br

br�g��

� �g
gw� br�gw
 � br�
brg�� � g
gw� br�gw
 � br

br
�
g
��
�

��
�

Substituting ���� and ��
� into ���� implies

�

�t
br�g�� �g� br�

br
br�g�� � g� br

br�
br�g��

� g
gw� br�gw
 � br�
brg�� � g
gw� br�gw
 � br

br�g��

� �g�g�� br�g� � br�
br�g�� � �g�g�� br�g�� � br�

br�g�

� �g�g�
gw� br�gw
 � br�g� � br�
g������

� �gwg�
g�� br�gw
 � br�g� � br�g��

� g�� �dRm � bg�� � brg
� g�� � g � bg�� � brdRm � br��g�� � g � bg�� �dRm��

We now de�ne a function ��x� t� on M 	 ��� T �

��	� ��x� t� � g��g��g�� br�g�� � br�g�� � ��

Then

��

�t
�� Refg��g��g��br�g�� �

�

�t
br�g��g

� � Re

�
�g��

�t
� g��g��br�g�� � br�

g��

�
� g��g�� � �g

��

�t
� br�g�� � br�g���
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which together with ���� and ���� implies

��

�t
�� Re

�
g��g��g��br�g���g� br�

br
br�g��

� g� br
br
�
br�g��

� g
gw� br�gw
 � br�
brg�� � g
gw� br�gw
 � br

br�g��

� �g�g�� br�g� � br�
br�g�� � �g�g�� br�g�� � br�

br�g�

� �g�g�
gw� br�gw
 � br�g� � br�g������

� �g��g�
gw br�gw
 � br�g� � br�g��

� g�� �dRm � bg�� � brg � g�� � g � bg�� � brdRm
� br��g�� � g � bg�� �dRm��

�
� � Refg��g��br�g�� � br�g���g� br�

brg
�� � g� br

br
�g

��

� �g��gw�g�
g� br�gw
 � brg�� � g�� � bg�� �dRm�g
� g��g�� br�g�� � br�g�� � �g� br�

brg
�� � g� br

br�g
��

� �g��g�
gw�g� br�gw
 � brg�� � g�� � bg�� �dRm��

If we choose a coordinate system such that at one point

���� bg�� � ��� � �g��� �

�BBBBBBB�

�
�

�
� � �

�
n

�CCCCCCCA
�

then

bg�� � ��� � �g��� �

�BBBBBBB�

���
�

���
� � �

�
��n

�CCCCCCCA
�����

��x� t� �
X
�����

	

���
jbr�g��j������
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By ���� we get

��

�t
�� Refg��g��g��br�g���g� br�

br
br�g�� � g� br

br�
br�g���g

� � Refg��g�� br�g�� � br�g���g� br�
brg

�� � g� br
br�g

���g
� g��g�� br�g�� � br�g�� � �g� br�

brg
�� � g� br

br
�g

���

� � Re

�
� 	

����
br�g�� � br�g� � br�

brg��

� 	

����
br�g�� � br�g� � br

br�g������

� �

����
br�g�� � br�g� � br�

br�g�

� �

����
br�g�� � br�g� � br�

br�g�

� �"� � �"� � g�� � brg � �g�� �dRm � bg�� � brg
� g � g�� � bg�� � brdRm� br��g�� � g � bg�� �dRm��

�
� � Ref��"� � g�
 � bg�� �dRm � brg � brgg
� f��"
 � g�
 � bg�� �dRm � brg � brgg�

where

"� �
	

�����
br�g�� � br�g�� � br�g� � br�g��

"� �
	

����

br�g�� � br�g
 � br�g� � br�g
� �

"� �
	

���
�
� br�g�� � br�g�� � brg�
 � brg
��

"
 �
	

���
�
� br�g�� � br�

g�� � br
g
�

� brg
� �

Using the property �	
� we obtain

���� "� � "�� "� � "
�
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From ���� it follows thatbr
�
brg�� �br

br�g�� � dRm � g
�br

br�g�� � dRm � g
�br�

brg�� � dRm � g����

�br
�
br�g� � dRm � g

�br�
br�g� � dRm � g�

Combining ����� ���� and ���� we get

��

�t
�� Refg��g��g��br�g���g� br�

br
br�g�� � g� br

br�
br�g���

� g��g�� br�g�� � br�g���g� br�
brg

�� � g� br
br�g

���g
� g��g�� br�g�� � br�g�� � �g� br�

brg
�� � g� br

br�g
���

�
	

����
Ref��br�g�� � br�g� � br�

brg��

� �br�g�� � br�g� � br�
br�g�g��
�

�
	

����

Ref�br�g�� � br�g
 � br�g
� � br�g�

� �br�g�� � br�g�� � brg
� � brg�
g
� g�
 � bg�� �dRm � brg � brg � g�
 � g � bg�� � brdRm � brg
� g�� � brg � br�g�� � g � bg�� �dRm��

On the other hand� by the de�nition we have

�� �g�
���

�z�z�
� g�

���

�z��z

�g� br�
br� � g� br

br��

�� Refg��g��g�� br
�
g�� � �g� br�

br
br�g�� � g� br

br
�
br�g���

� g��g��br�g�� � br�
g�� � �g� br�

brg
�� � g� br

br
�
g���g

� g��g�� br�g�� � br�
g�� � �g� br�

brg
�� � g� br

br
�
g���

� �g��g��g��g� br�
br�g�� � br

br�g��

� �g��g��g��g� br
br�g�� � br�

br
�
g��

� � Re�g��g��g� br�g
�� � br

br�g�� � br�g�������



ricci flow ���

� � Re�g��g��g� brg
�� � br

�
br�g�� � br�g���

� � Re�g��g��g� br
�
g�� � br

br�g�� � br�
g���

� � Re�g��g��g� brg
�� � br

�
br�g�� � br�g���

� � Re�g��g� br
�
g�� � brg

�� � br�g�� � br�
g���

� � Re�g��g� br
�
g�� � brg

�� � br�g�� � br�
g����

Combining ���� and ���� gives

��	�

�br�g
�� � �g��g� br�g� � � �

����
br�g���br�g

�� � �g��g� br�g� � � �
����

br�g���

which together with ���� implies

�� �� Refg��g��g�� br�g�� � �g� br�
br
br�g�� � g� br

br�
br�g���

� g��g��br�g�� � br�g�� � �g� br�
brg

�� � g� br
br�g

���g
� g��g�� br�g�� � br�g�� � �g� br�

brg
�� � g� br

br�g
���

�
�

���
br
br�g�� � br

br�g��

�
�

���
br
br�g�� � br

br�g��

� Re

�
� �

����
� br

g�� � br�g�� � br
br�g��

� �

����
� brg�� � br�g�� � br

br�g������

� �

����
� br

g�� � br�g�� � br
br�g��

� �

����
� brg�� � br�g�� � br

br�g��

�
�

�����
� br


g�� � brg�� � br�g�� � br�g��

�
�

�����
� br

g�� � brg�� � br�g�� � br�
g��

o
�
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which together with �	
� yields

�� �� Refg��g��g�� br
�
g�� � �g� br�

br
br�g�� � g� br

br
�
br�g���

� g��g��br�g�� � br�
g�� � �g� br�

brg
�� � g� br

br
�
g���g

� g��g�� br�g�� � br�g�� � �g� br�
brg

�� � g� br
br�g

���

�
	

���
��br


br�g�� � br

br�g�� � �br
br�g�� � br

br�g���

����

�
	

����
Ref�	�br


g�� � br�g�� � br

br�g��

� 	�brg�� � br�g�� � br
br�g��g

�
	�

�����
Re�br


g�� � brg�� � br�g�� � br�g����

Combining ��
� and ����� we get

��

�t
���� �

���
�br

br�g�� � br
br�g��

� br
br�g�� � br

br�g���

�
�

����
Ref�br�g�� � br�g� � br�

brg��

� �br�g�� � br�
g
�
� br�

br�g�g

�
�

����

Ref��br�g�� � br�g
 � br�g
� � br�g�����

� �br�g�� � br�g�� � brg
� � brg�
g
� g�
 � bg�� �dRm � brg � brg
� g�
 � g � bg�� � brdRm � brg
� g�� � brg � br�g�� � g � bg�� �dRm��
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Lemma ���� We have

��

�t
���� �

���
jbr

br�g�� �
	

�
br�g� � br�g��j�

� �

���
jbr

br�g�� �
	

�
brg�� � br�g�� �

	

�
br�g�� � brg��j�

� g�
 � bg�� �dRm � brg � brg � g�
 � g � bg�� � brdRm � brg����

� g�� � brg � br�g�� � g � bg�� �dRm��

We now de�ne a function q�t�

���� q�t� � eC��t���
���
� � � � t � T�

where C� is the constant in Lemma ���� From �	�� in Lemma ��� it
follows that

���� ds�� � ds�t �
	

q�t�
ds��� � � t � T�

Since
�

�t
gij � ��Rij � �� we have

���� ds�� � ds��� � ds�t � �� � t � T�

which together with ���� implies

��
� ds��� � ds�t �
	

q�t�
ds��� � �� � t � T�

Thus

bg
�� � g�� �

	

q�t�
bg��� �� � t � T�����

	

q�t�
� � � 	���	�

bg�� � g�� � q�t�bg��� �� � t � T�����
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From �	��� ����� ��	� and ���� we get the estimates of the terms in ����

g�
�bg�� �dRm � brg � brg � C��n� k�� � q�t�
jbrgj�
� C��n� k��q�t�


��x� t�� �� � t � T�����

g�
�g � bg�� � brdRm � brg � C
�n� k��q�t�

jbrgj

� C
�n� k��q�t�

��x� t�

�
� � �� � t � T�����

where � � C��n� k��� C
�n� k�� � �� are the constants depending only
on n and k�� Since brg�� � g�� � brg� we have

g�� � brg � br�g�� � g � bg�� �dRm�

�g�� � g � bg�� �dRm � brg � brg
� g�
 � bg�� �dRm � brg � brg
� g�
 � g � bg�� � brdRm � brg����

�C��n� k��q�t�
�jbrgj� � C��n� k��q�t�


jbrgj�
� C��n� k��q�t�


jbrgj
�C�n� k��q�t�

���x� t� � C��n� k��q�t�

��x� t�

�
� �

�� � t � T�

where � � C��n� k��� C�n� k�� � �� are constants depending only on
n and k�� Combining ����� ����� ���� and ���� yields

��

�t
��� � C��n� k��q�t�

���x� t�

� C��n� k��q�t�

��x� t�

�
� � �� � t � T�����

��

�t
��� � C��n� k��q�t�

���x� t�

� C��n� k��q�t�
�� �� � t � T�����

where � � C��n� k��� C��n� k�� � �� are constants depending only on
n and k�� On the other hand� from ���� it follows that

�

�t
�bg��g��� �g� br�

br�bg��g���

� g� br
br
�
�bg��g

��
� � g��g

�
bg�� bR

���

� g��g�bg�� bR��� � �g�g��bg�� br�g� � br�g������

���bg��g��� � g��g�bg�� bR���

� g��g�bg�� bR��� � �g�g��bg�� br�g� � br�g���
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Combining �		�� ���� and ���� we get

��
�
�

�t
�bg��g��� � ��bg��g���� �

q�t�
��x� t�� on M 	 ���� T ��

On the other hand� combining �	�� and Lemma ��� shows that there
exists a constant � � C� � �� depending only on n such that

���� sup
x�M

jrRijkl�x� t�j� � C�

�
!

t
� !

�
�

�
� � � t � T�

From �	�� we know that �� depends only on n and k�� so that� in con�
sequence of �����

��	� sup
x�M

jrRijkl�x� t�j � C��� �� � t � T�

where � � C�� � �� is a constant depending only on n� k� and !� By
the de�nition we have

�

�t
brkgij � brk

�
�

�t
gij

�
� ��brkRij

� ��rkRij � Rm � g�� � g�� � brg�����

which together with �	��� ���� and ��	� implies���� ��t brg
���� � C�� � C��q�t�

�jbrgj� �� � t � T����� ���� ��t brg
���� � C�� � C��q�T ��jbrgj � C�� � C��jbrgj�����

�� � t � T�

where � � C�� � �� is a constant depending only on n� k� and !� and
� � C�� � �� is a constant depending only on n� k�� �� C�� T and !�
By the de�nition we know that

���� brkgij�x� ��� 
 �� � x �M�

which together with ���� implies

���� sup
x�M

jbrg�x� t�j � C��e
C��t � C��e

C��T � C�
� �� � t � T�
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where � � C��� C�
 � �� are constants depending only on n� k�� �� C�� T
and !� Combining ��	� and ���� we get

��x� t� � q�t��jbrg�x� t�j� � C�
�
q�t�

�

� C�
�
q�T �� � C��� x �M� �� � t � T�����

where � � C�� � �� is a constant depending only on n� k�� �� C�� T

and !� For any t� � ���� T �� from ���� and ��
� it follows that

��

�t
� �� � C�q�t��

���x� t� � C�q�t��
�� x �M� �� � t � t��

����

�

�t
�bg��g��� � ��bg��g���� �

q�t��
��x� t�� x �M� �� � t � t��

��
�

Now we de�ne a function "�x� t� on M 	 ���� t��

���� "�x� t� � ��x� t� � C�q�t��
bg��g�� � C�q�t��

�t�

By ���� and ��
� we obtain

��	�
�

�t
"�x� t� � �"�x� t�� on M 	 ���� t���

Combining ����� ���� and ���� yields

"�x� t� � ��x� t� � C�q�t��
bg��g��

� C�� � nC�q�t��
� on M 	 ���� t�������

From ���� and ���� we know that

"�x� ��� � ��x� ��� � C�q�t��
bg��bg��

� � � nC�q�t��
 � nC�q�t��

� x �M�����

Using Theorem ��� from ��	�� ���� and ���� we get

���� "�x� t� � nC�q�t��
� on M 	 ���� t���

Combining ���� and ���� leads to

��x� t� � nC�q�t��
 � C�q�t��

�t� on M 	 ���� t���

����

��x� t�� � nC�q�t��
 � C�q�t��

�t� � C�q�t��
� x �M�

����
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where � � C� � �� is a constant depending only on n� k�� � and C��
Since t� � ���� T � is arbitrary� we have

���� sup
x�M

��x� t� � C�q�t�
� �� � t � T�

Combining ���� and ���� we get

Lemma ���� There exists a constant � � C� � �� depending
only on n� k�� � and C� such that

���� sup
x�M

jbrg�x� t�j� � C�q�t�
� �� � t � T�

Now we want to estimate the second order covariant derivatives
jbrbrgj�� From Lemma ��� we know that there exists a constant � �

C���n� � �� depending only on n such that

��

�t
���� 	

���
�jbr

br�g��j� � jbr
br�g��j��

� C���n���x� t�� � g�
 � bg�� �dRm � brg � brg��
�

� g�
 � g � bg�� � brdRm � brg
� g�� � brg � br�g�� � g � bg�� �dRm��

which together with ����� ����� ���� and ���� implies

��

�t
���� 	

���
�jbr


br�g��j� � jbr

br�g��j��

� C��q�t�
��� �� � t � T��
��

where � � C�� � �� is a constant depending only on n� k�� � and C��
On the other hand� ���� can be written as

�

�t
br�g�� �g� br�

br
br�g�� � g� br

br�
br�g��

� g�� � brg � brbrg � g�� � brg � brg � brg�
	�

� g�� � brg � bg�� �dRm � g�� � g � bg�� � brdRm
� br� �g�� � g � bg�� �dRm��
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Di�erentiating both sides of �
	� yields

�

�t
br�
br�g�� �br�

�
�

�t
br�g��

�
�br��g

� br�
br
br�g��

� g� br
br�
br�g�� � g�� � brg � brbrg�
��

� g�� � brg � brg � brg � g�� � brg � bg�� �dRm
� g�� � g � bg�� � brdRm � br��g�� � g � bg�� �dRm���

From ���� it follows that

br
�
br�
br
br�g�� �br�

br�
br
br�g��

�br� �
br
br�
br�g�� � bg�� �dRm � brg��
��

�br�
br
br�
br�g�� � bg�� � brdRm � brg

� bg�� �dRm � brbrg�br�
br
br�
br�g�� �br

br�
br�
br�g�� � bg�� �dRm � brbrg

�br
br�
br�
br�g�� � bg�� �dRm � brbrg��
��

Combining ����� �
��� �
�� and �
��� we get

�

�t
br�
br�g�� �g� br�

br
br
�
br�g�� � g� br

br�
br�
br�g��

� g�� � brg � brbrbrg
� g�� � bg�� �dRm � brbrg
� g�� � bg�� � brdRm � brg � g�� � brbrg � brbrg
� g�� � brg � brg � brbrg
� g�
 � brg � brg � brg � brg�
��

� g�� � bg�� �dRm � brg � brg
� g�� � g � bg�� � brdRm � brg
� g�� � g � bg�� �dRm � brbrg
� g�� � g � bg�� � brbrdRm
� g�� � g � bg�� �dRm � brg � brg�
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�

�t
br
�
br�g�� �g� br�

br
br�
br�g�� � g� br

br
�
br�
br�g��

� g�� � brg � brbrbrg � g�� � brbrg � brbrg
� g�� � brg � brg � brbrg
� g�
 � brg � brg � brg � brg�
��

� g�� � g � bg�� � brbrdRm � g�� � g � bg�� � brdRm � brg
� g�� � g � bg�� �dRm � brbrg
� g�� � g � bg�� �dRm � brg � brg�

On the other hand� ���� can be written as

�

�t
g�� �g� br�

brg
�� � g� br

br�g
��

� g�
 � brg � brg � g�� � bg�� �dRm��
��

In the remainder of this section� we always use j j� to denote the norm
with respect to ds�t � We have

jbr�
br�g��j� � g��g��g�
g�� br�

br�g�� � br�
br


g��

� g�
 � brbrg � brbrg��
��

which together with �
�� and �
�� implies

�

�t
jbr�

br�g��j� �g� br�
brjbr�

br�g��j� � g� br
br� jbr�

br�g��j�

� �jbr
br�
br�g��j� � �jbr

br�
br�g��j�

� g� � brg � brbrg � brbrbrg
� g�� � brg � brg � brbrg � brbrg
� g�� � brbrg � brbrg � �g�
 � brg � brg � g�� � bg�� �dRm�

� g�
 � brbrg � �g�� � brg � brbrbrg � g�� � brbrg � brbrg�

�

� g�� � brg � brg � brbrg � g�
 � brg � brg � brg � brg
� g�� � g � bg�� � brbrdRm� g�� � g � bg�� � brdRm � brg
� g�� � g � bg�� �dRm � brbrg
� g�� � g � bg�� �dRm � brg � brg��
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where we have used the similar arguments as what we did in the proof
of ����� By the de�nition we obtain

�jbr
�
br�g��j� � g�

��

�z��z
jbr�

br�g��j� � g�
��

�z�z�
jbr�

br�g��j�

� g� br�
brjbr�

br�g��j� � g� br
br� jbr�

br�g��j���	���

Using �	��� ����� ��	�� ���� and Lemma ��� we get

g� � brg � brbrg � brbrbrg � C��q�t�
�jbrbrgj � jbrbrbrgj��	�	�

�� � t � T�

g� � brbrg � brbrg � brbrg � C��q�t�
jbrbrgj���	���

�� � t � T�

g�� � brg � brg � brbrg � brbrg � C��q�t�
��jbrbrgj���	���

�� � t � T�

g�� � brg � brg � brg � brg � brbrg � C��q�t�
��jbrbrgj��	���

�� � t � T�

g�
 � brbrg � �g�� � g � bg�� � brbrdRm
� g�� � g � bg�� � brdRm � brg

� g�� � g � bg�� �dRm � brbrg
� g�� � g � bg�� �dRm � brg � brg�

� C��q�t�
��jbrbrgj� C�
q�t�

jbrbrgj���	���

�� � t � T�

where � � C��� C��� C��� C��� C��� C�
 � �� are constants depending
only on n� k�� � and C�� Now substituting �	�����	��� into �

�� we have

�

�t
jbr�

br�g��j� ��jbr�
br�g��j� � �jbr

br�
br�g��j�

� �jbr

br
�
br�g��j� � C��q�t�

�jbrbrgj � jbrbrbrgj
� C�q�t�

jbrbrgj� � C��q�t�
��jbrbrgj�

� C��q�t�
��jbrbrgj� �� � t � T��	���
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where � � C��� C�� C��� C�� � �� are constants depending only on
n� k�� � and C�� Similarly�

�

�t
jbr�

br�g��j� ��jbr�
br�g��j� � �jbr

br�
br�g��j�

� �jbr
br�
br�g��j�

� C��q�t�
�jbrbrgj � jbrbrbrgj�	���

� C�q�t�
jbrbrgj� � C��q�t�

��jbrbrgj�
� C��q�t�

��jbrbrgj� �� � t � T�

By the de�nition we know that �where A� B� C� D � 	 or 	�

jbrbrgj� �jbrC
brDgABj� � �jbr�

br�g��j� � �jbr�
br�g��j�

� �jbr�
br�g��j� � �jbr�

br�g��j��	���

��jbr�
br�g��j� � �jbr�

br�g��j��
jbrbrbrgj� ���jbr

br
�
br�g��j� � jbr


br�
br�g��j�

� jbr
br�
br�g��j� � jbr

br�
br�g��j����	�
�

Combining �	���� �	���� �	��� and �	�
� we get

�

�t
jbrbrgj� ��jbrbrgj� � �jbrbrbrgj�

� �C��q�t�
�jbrbrgj � jbrbrbrgj� �C�q�t�

jbrbrgj��		��

� �C��q�t�
��jbrbrgj� � �C��q�t�

��jbrbrgj�
�� � t � T�

�

�t
jbrbrgj�
��jbrbrgj� � jbrbrbrgj� � C��q�t�

��jbrbrgj� � C��q�t�
����			�

�� � t � T�

where � � C��� C�� � �� are constants depending only on n� k�� � and
C��

Similar to �	��� we have

�		�� jbrgj� � �jbr�g��j� � ���x� t� 

thus from �
�� it follows that

�		��
�

�t
jbrgj� � �jbrgj� � jbrbrgj� � �C��q�t�

��� �� � t � T�
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Suppose a � � is a constant to be determined later� Then

�		��
�

�t
�a � jbrgj�� � ��a � jbrgj��� jbrbrgj� � �C��q�t�

���

�� � t � T�

Now we de�ne a new function

�		�� ��x� t� � �a� jbrgj�� � jbrbrgj��
Then from �			� and �		�� we obtain

��

�t
��a � jbrgj�� �

�t
jbrbrgj� � jbrbrgj� �

�t
�a� jbrgj��

��a � jbrgj���jbrbrgj� � jbrbrgj� ���a � jbrgj���		��

� �a � jbrgj�� � jbrbrbrgj�
� C��q�t�

���a � jbrgj�� � jbrbrgj�
� C��q�t�

���a � jbrgj��� jbrbrgj

� �C��q�t�

��jbrbrgj�� �� � t � T�

��

�t
��a� jbrgj���jbrbrgj� � jbrbrgj� ���a � jbrgj��
� �a � jbrgj�� � jbrbrbrgj� � 	

�
jbrbrgj
�		��

� C��q�t�

��a � jbrgj��
 � C��q�t�

���a � jbrgj��
� C��q�t�

�
� �� � t � T�

where � � C��� C�� � �� are constants depending only on n� k�� � and
C�� On the other hand we have

�a�jbrgj���jbrbrgj� � jbrbrgj���a� jbrgj��
� �� � �gijrj jbrbrgj� � ri�a � jbrgj��
� �� � �gij brj jbrbrgj� � brijbrgj��		��

� �� � g�� � bri�g
�� � brg � brg�

� brj �g
�
 � brbrg � brbrg�

� �� � g�� � �g�� � brg � brbrg � g�
 � brg � brg � brg�

� �g�
 � brbrg � brbrbrg � g�� � brg � brbrg � brbrg��
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which together with ����� ���� and Lemma ��� yields

�a� jbrgj���jbrbrgj� � jbrbrgj���a � jbrgj��
��� � C��q�t�

��jbrbrgj� � jbrbrbrgj
� C�
q�t�

��jbrbrgj� � C��q�t�
��jbrbrgj � jbrbrbrgj

� C�q�t�
��jbrbrgj�

��� �
a

�
jbrbrbrgj� �

C�
��

a
q�t���jbrbrgj
�		
�

�
C�
��

a
q�t��jbrbrgj� � C�
q�t�

��jbrbrgj�
� C�q�t�

��jbrbrgj�
��� �

a

�
jbrbrbrgj� �

C�
��

a
q�t���jbrbrgj


�
	

�
jbrbrgj
 �

�C

��

a�
q�t��� � �C


�
q�t�
�

� �C�
�q�t�



� �� � t � T�

where � � C��� C�
� C��� C� � �� are constants depending only on
n� k�� � and C�� Substituting �		
� into �		�� we get

��

�t
��� �

ha
�

� jbrgj�i � jbrbrbrgj�
�
�

	

�
� C�

��

a
q�t���

�
� jbrbrgj
 �

�C

��

a�
q�t����	���

� �C

�
q�t�

� � �C�
�q�t�



 � C��q�t�
�


� C��q�t�

��a � jbrgj��
 � C��q�t�

���a� jbrgj���
�� � t � T�

For any t� � ���� T �� from Lemma ��� we get

�	�	� sup
x�M

jbrg�x� t�j� � C�q�t��
� �� � t � t��

Now we choose a such that

�	��� a � 	 � 	��C� � C�
���q�t��

���

Then

a � a � jbrg�x� t�j� � 	�

	�
a� on M 	 ���� t����	���

	

�
� C�

��

a
q�t��� � 	

�
� �� � t � t���	���
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Combining �	���� �	���� �	��� and �	��� we obtain

�	���
��

�t
� ��� a

�
jbrbrbrgj�� 	

�
jbrbrgj
 �C��q�t��

��� �� � t � t��

where � � C�� � �� is a constant depending only on n� k�� � and C��
Since from �	��� we have

�	��� jbrbrgj
 �
��

�a � jbrgj��� � 	

�a�
��� �� � t � t��

which together with �	��� implies

�	���
��

�t
� �� � 	

��a�
�� � C��q�t��

��� �� � t � t��

By the de�nition� ��x� ��� 
 � on M � Using Lemma ��		 from �	��� we
get

�	��� ��x� t� � C��q�t��
�a� �� � t � t��

where � � C�� � �� is a constant depending only on n� k�� � and C��
From �	��� it follows that

�	�
� ��x� t� � ajbrbrgj�� �� � t � t��

which together with �	��� implies

sup
x�M

jbrbrg�x� t�j� � C��q�t��
�� �� � t � t��

Let t � t�� Then

�	��� sup
x�M

jbrbrg�x� t��j� � C��q�t��
��

Since t� � ���� T � is arbitrary� we have

Lemma ���� There exists a constant � � C�� � �� depending
only on n� k�� � and C� such that

�	�	� sup
x�M

jbrbrg�x� t�j� � C��q�t�
�� �� � t � T�
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Combining �	�� and ���� we know that

R�� � g�� � brbrg � g�� � brg � brg � bR��

� g�� � brbrg � g�� � brg � brg � bg�� �dRm��	���

which together with �		�� �	��� ����� ����� Lemma ��� and Lemma ���
implies

� � R
��

�x� t� � C��q�t�
��bg

��
�x�� �� � t � T��	���

sup
x�M

jR���x� t�j� � C
�q�t�
��� �� � t � T��	���

where � � C��� C
� � �� are constants depending only on n� k�� �
and C�� Combining �		� and �	��� we get

�	��� sup
x�M

jRijkl�x� t�j� � C
�q�t�
��� �� � t � T�

where � � C
� � �� is a constant depending only on n� k�� � and C��
From �
� it follows that

�	��� sup
x�M

jRijkl�x� t�j� � C�n� ��k��� � � t � ���

which together with �	��� yields

Lemma ���� Under Assumption E� there exists a constant � �
C
� � �� depending only on n� k�� � and C� such that

�	��� sup
x�M

jRijkl�x� t�j� � C
�q�t�
��� � � t � T�

Now we want to estimate the covariant derivatives of the curvature
tensor� For any t� � ��� T �� from �	��� we know that

�	��� sup
M�� t�� �t��

jRijkl�x� t�j� � C
�q�t��
���

which together with Lemma ��� implies

sup
x�M

jrmRijkl�x� t�j�

� C�n�m� �C
�q�t��
��

��
	

t � �
� t�

�m

� C
m
�

�q�t��

�m

�
�

�	�
�

t�
�
� t � t��
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where m � � is any integer� and C�n�m� are constants depending only
on n and m� Let t � t�� Then by �	�
� we get

sup
x�M

jrmRijkl�x� t��j�

� C�n�m� � C
�q�t��
��

�
�m

tm�
� C

m
�

�q�t��

�m

�
��	���

Since t� � ��� T � is arbitrary� from �	��� follows

Lemma ���� Under Assumption E� for any integers m � �� there
exist constants � � C
��m� n� k�� �� C�� � �� depending only on
m� n� k�� � and C� such that

sup
x�M

jrmRijkl�x� t�j�

� C
��m�n� k�� �� C��

��
	

t

�m
� q�t���m���

�
��	�	�

� � t � T�

Let t � T � Then by Lemma ��� we obtain

�	��� sup
x�M

jRijkl�x� T �j� � C
�q�T ����

Suppose ���n� is the constant in Corollary ���� we de�ne

�	��� T� � T �
���n�p

C
�q�T ��
�

Then from �	���� Corollary ��� and Lemma ��� it follows that the solu�
tion gij�x� t� of �	� on M	 ��� T � can be extended smoothly to a solution
gij�x� t� of �	� on M 	 ��� T�� satisfying

�	��� sup
x�M

jRijkl�x� t�j� � C�n� �� � C
�q�T ���� T � t � T��

where C�n� �� is the constant in Corollary ���� �	��� together with
Lemma ��� yields

�	��� sup
M����T�	

jRijkl�x� t�j� � �	 � C�n� ��� � C
�q�T ����

Therefore we have
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Lemma ���� Suppose gij�x� t� � � is a smooth solution of the
Ricci �ow equation 	� on M 	 ��� T � such that Assumption E holds on
M 	 ��� T �� Then gij�x� t� can be extended smoothly to a solution of the
Ricci �ow equation 	� on M	 ��� T�� such that Assumption E still holds
on M 	 ��� T���

Under Assumption D� by Lemma ��	 there exists a constant � �

T � �� such that the Ricci �ow equation �	� has a smooth solution
gij�x� t� � � on M 	 ��� T � and Assumption E holds on M 	 ��� T �� Now
using Lemma ��� repeatedly we know that gij�x� t� can be extended
smoothly to a solution to the Ricci �ow equation �	� on M 	 �����
such that for any T� � �T���� Assumption E still hold on M 	 ��� T���
Hence

Theorem ��	� Under Assumption D� there exists a smooth solution
gij�x� t� � � to the Ricci �ow equation 	� on M 	 ����� such that for
any T� � ������� Assumption E hold on M 	 ��� T���

Since for any T� � ������� Assumption E holds on M 	 ��� T���
combining Lemma ���� Lemma ��� and Lemma ��� we get

Theorem ���
� Under Assumption D� there exists a smooth so�
lution gij�x� t� � � to the Ricci �ow equation 	� on M 	 ����� such
that

	A� gij�x� t� are K�ahler metrics for any � � t � ���

	B� �R�����x� t� � �� on M 	 ������

	C� F �x� t� � �C��t � ��
���
� � on M 	 ������

	D� ds�� � ds�t �
	

q�t�
ds��� � � t � ���

	E� sup
x�M

jRijkl�x� t�j� � C
�q�t�
��� � � t � ���

	F� sup
x�M

jrmRijkl�x� t�j� � C
��m�

��
	

t

�m

� q�t���m���

�
�

m � �� � � t � ���

�� Controlling the curvature tensor

Suppose gij�x� t� � � is the smooth solution on M 	 ����� of the
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Ricci �ow equation

�	�

�
�
�tgij�x� t� � ��Rij�x� t�� on M 	 ������

gij�x� �� � egij�x�� on M�

which we obtained in Theorem ��	�� In Theorem ��	� �E� we also
obtained some estimate for the curvature tensor fRijkl�x� t�g� However�
that estimate is not optimal� To prove our main result Theorem 	���
we need a better estimate for the curvature tensor fRijkl�x� t�g than
the estimate obtained in Theorem ��	� �E�� Under the assumptions of
Theorem 	�	� the author of this paper derived a complicated integral
estimate technique to improve the curvature tensor estimate obtained
in Theorem ��	� in his Ph�D� thesis ���� in 	

�� Later on H�D� Cao
�	�� and R�S� Hamilton ���� proved the Harnack�s inequality for the Ricci
�ow equation in 	

�� The consequence of their results improves the
curvature tensor estimate which we obtained in Theorem ��	� �E�� In
this section we use the noncompact version of their results�

Theorem ���� Suppose that gij�x� t� � � is the smooth solution to
the Ricci �ow equation 	� on M 	 ����� which we obtained in Theo�
rem ���� and that the holomorphic bisectional curvature of gij�x� t� is
strictly positive� i�e��

��� �R�����x� t� � �� on M 	 ������

Then the scalar curvature R�x� t� of gij�x� t� satis�es the inequality�

���
�R

�t
� �

jr�Rj�
R

�
	

t
R � �� on M 	 ������

Proof� Suppose M is a compact K�ahler manifold� and g
��

�x� t� � �
is a smooth family of K�ahler metrics on M such that

���
�

�t
g
��

�x� t� � ��R���x� t�� on M 	 ��� T ��

where � � T � �� is a constant� Suppose that the holomorphic
bisectional curvature of g

��
�x� t� is strictly positive

��� �R
����

�x� t� � �� on M 	 ��� T ��

We now de�ne

��� bg���x� s� �
	

�T
esg���x� T �	� e�s��� on M 	 ������
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Then bg���x� s� � � is also a smooth family of K�ahler metrics on M �
which satis�es the normalized Ricci �ow equation

���
�

�s
bg���x� s� � � bR���x� s� � bg���x� s�� on M 	 ������

where bR���x� s� denotes the Ricci curvature of bg���x� s�� It is easy to see
that the holomorphic bisectional curvature of bg���x� s� is also strictly
positive� i�e��

��� � bR�����x� s� � �� on M 	 ������

From Corollary ��	 in H�D� Cao �	�� it follows that the scalar curvaturebR�x� s� of bg���x� s� satis�es the inequality

�
�
� bR
�s

� jbr�
bRj�bR �

bR
	� e�s

� �� on M 	 ������

where br denote the covariant derivatives with respect to bg���x� s��
Combining ��� and �
� implies that the scalar curvature R�x� t� of
g���x� t� satis�es the inequality

�	��
�R

�t
� �

jr�Rj�
R

�
	

t
R � �� on M 	 ��� T ��

where r denote the covariant derivatives with respect to g���x� t��

Now suppose gij�x� t� � � is the smooth solution to the Ricci �ow
equation �	� on M	������ which we obtained in Theorem ��	�� and sup�
pose assumption ��� in Theorem ��	 holds� For any constant
� � T � ��� from Theorem ��	� �E� we know that the curvature
tensors of gij�x� t� are uniformly bounded on M 	 ��� T �

�		� sup
M����T 	

jRijkl�x� t�j� � !�

where � � ! � �� is a constant depending only on T and the constants
n� k�� � and C� in Assumption D in x�� Since under Assumption D�
the manifold M is complete and noncompact� we have to try to control
the curvature of gij�x� t� and the other tensors near the in�nity of M
if we want to use the method in the paper of Cao �	�� to prove that
the scalar curvature R�x� t� of gij�x� t� still satis�es the inequality �	��
on M 	 ��� T �� In his paper ���� R�S� Hamilton derived some kind
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of cut�o� function technique which was used to control the curvature
and the other tensors near the in�nity of the manifold when Hamilton
proved the Harnack estimate for the Ricci �ow equation on complete
noncompact manifolds with bounded and positive curvature operator�
From ��� and �		� it is easy to see that the cut�o� function technique in
the paper of Hamilton ���� can still be used in our case� Thus combining
the techniques in �	�� and ���� we know that the scalar curvature R�x� t�
of gij�x� t� in Theorem ��	 satis�es the inequality �	�� on M 	 ��� T ��
Since T � ����� is arbitrary� we know that ��� is true on M 	 ������

Now suppose gij�x� t� � � is the smooth solution on M	����� to the
Ricci �ow equation �	� which we obtained in Theorem ��	�� We want to
use Theorem ��	 to improve the curvature tensor estimate obtained in
Theorem ��	�� We assume that the holomorphic bisectional curvature
of gij�x� t� is strictly positive

�	�� �R�����x� t� � �� on M 	 ������

Suppose F �x� t� is the function de�ned by �
� of x�� From �		� and �	��
of x� it follows that

F �x� t� �F �x� �� �

Z t

�

�

�s
F �x� s�ds

� �
Z t

�
R�x� s�ds� on M 	 �������	��

which together with Theorem ��	� �C� implies

�	��

Z t

�
R�x� s�ds � C��t � ��

���
� � on M 	 ������

where � � C� � �� is a constant depending only on n� k�� � and C��
By �	�� we have

�	�� R�x� t� � �� on M 	 ������

From Theorem ��	 we know that R�x� t� satis�es the inequality

�	��
�R

�t
� �

jr�Rj�
R

� 	

t
R� on M 	 ������

which together with �	�� yields

�	��
�R

�t
� �	

t
R� on M 	 ������
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Combining �	��� �	�� and �	�� we get

�	�� � � R�x� t� � C��t � ��
����
� � on M 	 ������

where � � C� � �� is a constant depending only on n� k�� � and
C�� From �	�� it follows that there exists a constant � � C
 � ��
depending only on n such that

�	
� jRijkl�x� t�j � C
R�x� t�� on M 	 ������

Combining �	�� and �	
� thus leads to

Theorem ���� Suppose that gij�x� t� � � is the smooth solution
to the Ricci �ow equation 	� on M 	 ������ which we obtained in
Theorem ���� and that the holomorphic bisectional curvature of gij�x� t�
is strictly positive�

���� �R�����x� t� � �� on M 	 ������

Then there exists a constant � � C� � �� depending only on n� k�� �
and C� such that

��	� sup
x�M

jRijkl�x� t�j � C��t � ��
����
� � � � t � ���

If we replace Lemma ��� by Theorem ���� then by the same technique
as the technique used in the proof of Lemma ��� we get

Theorem ���� Suppose that gij�x� t� � � is the smooth solution
to the Ricci �ow equation 	� on M 	 ������ which we obtained in
Theorem ���� and that the holomorphic bisectional curvature of gij�x� t�
is strictly positive�

���� �R
����

�x� t� � �� on M 	 ������

Then for any integers m � �� there exist constants

� � C�m� n� k�� �� C�� � ��
depending only on m� n� k�� � and C� such that

sup
x�M

jrmRijkl�x� t�j�

� C�m� n� k�� �� C�� � �t � ���
���
�

��m���

�t � ���tm
�����

� � t � ���
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Remark� In Assumption D in x�� we assumed that � � � � �� If
the constant � � � in Assumption D� using �	��� of x� and the same
method as that used in the proof of Theorem ��� we know that ���� is
replaced by

sup
x�M

jrmRijkl�x� t�j�

� C�m� n� k�� C�� � �log�t � ���m��

�t � ���tm
� � � t � ���

����

Under the assumptions of Theorem 	�	� a result similar to ���� was
proved by the author of this paper in ���� in 	

��

	� Constructing the biholomorphic maps

In this section we always assume that the assumptions in Theorem
	�� hold� Suppose

�	� des� � egij�x�dxidxj � �

is the complete K�ahler metric on M with bounded and positive sectional
curvature

��� � � eRijij�x� � k�� � x �M�

and satis�es

���

R
B�x����

eR�x�dx � C�
�������� �Vol�B�x�� ���� x� �M�

� � � � ���

where � � k�� C� � ��� � � � � 	 are constants� From ��� it
follows that the holomorphic bisectional curvature of des� is bounded
and positive

��� � � � eR
����

�x� � �k�� � x �M�

By the assumptions in Theorem 	��� �M�egij�x�� is a complex n�dimensional
complete noncompact K�ahler manifold� Thus Assumption D in x� holds
with the constant � � 	 � ��
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Lemma 	��� There exists a smooth solution gij�x� t� � � to the
Ricci �ow equation

���

�
�
�t
gij�x� t� � ��Rij�x� t�� on M 	 ������

gij�x� �� � egij�x�� on M�

on M 	 ����� such that

	A� gij�x� t� are K�ahler metrics for any � � t � ���

	B� �R�����x� t� � �� on M 	 ������

	C� F �x� t� � �C��t � ��
���
��� � on M 	 ������

	D� ds�� � ds�t �
	

q�t�
ds��� � � t � ���

	E� sup
x�M

jRijkl�x� t�j � C��t � ���
��
��� � � � t � ���

	F� sup
x�M

jrmRijkl�x� t�j� � C
�m� � �t � ���
���
��� ��m���

�t � ���tm
� m � ��

� � t � ���

where � � C�� C� � �� are constants depending only on n� k�� � and
C�� � � C
�m� � �� are constants depending only on m� n� k�� �
and C�� F �x� t� is de�ned by 	�� in x��

ds�t � gij�x� t�dx
idxj � � � t � ������

q�t� � eC��t���
���
���

� � � t � ������

Proof� From Theorem ��	� we know that there exists a smooth
solution gij�x� t� � � to the Ricci �ow equation ��� on M 	 ����� such
that �A�� �C� and �D� of Lemma 
�	 hold� Combining ���� Theorem ��	�
�E� and Theorem ��� yields that Lemma 
�	 �B� holds� From Theorem
��� and Theorem ��� it follows that �E� and �F� of Lemma 
�	 hold�

q�e�d�

For any two points x� y � M � let �t�x� y� denote the distance be�
tween x and y with respect to ds�t � Let Bt�x� �� denote the geodesic ball
of radius � and centered at x �M with respect to ds�t �

Now we �x a point x� �M � We use Tx�M to denote the space of all
the holomorphic tangent vectors of M at x�� For any two holomorphic
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vectors V�� V� � Tx�M � let hV�� V�it denote the inner product of V� and
V� with respect to the metric ds�t � Since fds�t j� � t � ��g is a family
of K�ahler metrics on M � which depends on t smoothly� it is easy to see
that we can �nd V��t�� V��t�� � � � � Vn�t� � Tx�M for � � t � �� such
that V��t�� V��t�� � � � � Vn�t� depend on t smoothly and satisfy

��� hV��t�� V��t�it 
 ���� 	� 
 � 	� �� � � � � n� � � t � ���

Thus

Tx�M �
nM

���

CV��t�

�

�
nX

���

z�V��t�jz�� z�� � � � � zn � C
�
� � � t � ����
�

For each t � ������ we de�ne a linear map �t

�t  Tx�M �� C
n �

�t

�
nX

���

z�V��t�

�
� �z�� z�� � � � � zn�� � z�� z�� � � � � zn � C �

�	��

Then f�tj� � t � ��g is a family of invertible linear maps between
Tx�M and C n � which depends on t smoothly� For each t � ������ we
use

�		� exptx�  Tx�M ��M

to denote the exponential map with respect to the metric ds�t � We now
de�ne maps

#t  C
n ��M�

#t � exptx� ����t � � � t � ����	��

Then f#tj� � t � ��g is a family of smooth maps from C
n to M �

which depends on t smoothly and satis�es

�	�� #t��� � x�� � � t � ���

Suppose

�	�� C
n � fz � �z�� z�� � � � � zn�jz�� z�� � � � � zn � Cg�
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and use

�	�� dbs� �
nX

���

dz�dz�

to denote the standard �at K�ahler metric on C n � For any z � C n and
� � �� let

�	�� bB�z� �� � fw � C n jjw� zj � �g
denote the geodesic ball of radius � and centered at z with respect to
dbs�� Let br denote the covariant derivatives with respect to the metric
dbs�� From Lemma 
�	 it follows that

�	��
supx�M jrmRijkl�x� t�j � C��m� � �t � ���

�
��� �m����

m � �� � � t � ���

where � � C��m� � �� are constants depending only on n� m� k�� �

and C�� Thus the curvature tensor fRijkl�x� t�g together with its co�
variant derivatives tend to zero uniformly on M as time t �� ��� We
now de�ne

�	�� U��t� � �t � ��
�

��� � � � t � ���

Then by �	�� there exists a constant � � C � 	 depending only on
n� k�� � and C� such that for any t � ������ the map #t is nonsingular
on bB��� CU��t��� Thus we consider the pull�back metric

�	
� #�
t �ds

�
t � � g�AB�z� t�dzAdzB� z � bB��� CU��t���

where A�B � 	 or 	� Since #t are not holomorphic maps in general�
the metrics in �	
� are not K�ahler with respect to z in general� However�
by the de�nition of #t in �	��� g�AB�z� t� depend on t and z smoothly�
From �	�� and �	�� it follows that there exists another constant C�� � �
C� � C � 	� depending only on n� k�� � and C�� such that for any
t � ������ ������������	

jg�
��

�z� t�� ���j � C�jzj�
U��t�� � z � bB��� C�U��t���

jg����z� t�� ���j � C�jzj�
U��t�� � z � bB��� C�U��t���

jg����z� t�j � C�jzj�
U��t�� � z � bB��� C�U��t���

jg�
��

�z� t�j � C�jzj�
U��t�� � z � bB��� C�U��t���

����

jbrg�AB�z� t�j � C�jzj
U��t�� � z � bB��� C�U��t�����	�

jbrbrg�AB�z� t�j � C�

U��t�� � z � bB��� C�U��t�������
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where � � C� � �� is a constant depending only on n� k�� � and
C�� Let J denote the complex structure on M � Then #�

t �J� de�nes
a complex structure on bB��� CU��t��� and #�

t �ds
�
t � is a K�ahler metric

on bB��� CU��t�� with respect to the complex structure #�
t �J� for every

t � ������ Suppose � is the ��operator on M � For any t � ������ let

�
t

denote the ��operator on bB��� CU��t�� with respect to the complex
structure #�

t �J�� It is easy to see that

���� � � #�
t ��

t
�� � � t � ���

De�ne n holomorphic functions p��z�� p��z�� � � � � pn�z� on C n 

���� p��z� � z�� � z � �z�� z�� � � � � zn� � C n � 	 � 	� �� � � � � n�

Then by ���� and ���� we have

���� j�tp��z�j � C�jzj�
U��t��

� z � bB��� C�U��t��� 	 � 	� �� � � � � n�

where � � C� � �� is a constant depending only on n� k�� � and C��
We de�ne

���� U�t� � �t � ��
�

������ � � � t � ���

Then

���� 	 � U�t� � U��t�
�
� � U��t�� � � t � ���

Combining ����� ��	�� ����� ���� and ���� we get

jg�AB�z� t�� �
AB
j � C��

U�t��
� z � bB��� C�U�t�������

jbrg�AB�z� t�j � C��

U�t��
� z � bB��� C�U�t�����
�

jbrbrg�AB�z� t�j � C��

U�t�

� z � bB��� C�U�t�������

j�tp��z�j � C��

U�t��
� z � bB��� C�U�t��� 	 � 	� �� � � � � n���	�

and where � � C�� � �� is a constant depending only on n� k�� � and
C��

���� �AB �

�
	� if A � B�

�� if A �� B�
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Let ��� t� denote the eigenvalues of the second fundamental form of
� bB��� �� with respect to the metric #�

t �ds
�
t �� From �	��� ����� ��
� and

���� it follows that there exist constants

� � C��� C��� C�� � ��
depending only on n� k�� � and C� such that

����
C��

�
� ��� t�� C��

�
� � � � � C�U�t�� � � C�� � t � ���

Thus for any t � � � C�� and � � � � C�U�t�� � bB��� �� is convex with
respect to the metric #�

t �ds
�
t �� For any t � � � C��� using L� estimate

theory for the � operator which appeared in the book of L� H�ormander
����� from �	��� ����� ��
�� ���� and ��	� we know that the � equations

���� �
t
���z� t� � �

t
p��z�� z � bB���

	

�
C�U�t��� 	 � 	� �� � � � � n�

have smooth solutions f���z� t�j	 � 	� �� � � � � ng such that

����

�
j���z� t�j � C��

U�t� �

jbr���z� t�j � C��
U�t�� �

z � bB���
	

�
C�U�t��� 	 � 	� �� � � � � n�

where � � C�
 � �� is a constant depending only on n� k�� � and C�� If
we choose the solutions ���z� t� of ���� such that ���z� t� are orthogonal

to ker �
t

in certain L� Hilbert function spaces on bB��� C�U�t��� and
choose those L� function spaces such that those spaces depend on t
smoothly� then ���z� t� depend on t smoothly� For how to choose those
L� function spaces� one can see L� H�ormander ���� for details� Since
U�t� �� �� as t �� ��� we can �nd a constant � � C�� � C�� � ��
depending only on n� k�� � and C� such that for any t � C�� we have

���� C�U�t� � ��

����

�
j���z� t�j � �

�n �

jbr���z� t�j � �
�n �

z � bB���
	

�
C�U�t��� 	 � 	� �� � � � � n�

We now de�ne a map b#t � �b#�
t �
b#�
t � � � � �

b#n
t �

b#t  bB���
	

�
C�U�t�� �� C

n �

b#�
t �z� � p��z�� ���z� t�� z � bB���

	

�
C�U�t��� 	 � 	� �� � � � � n�

����
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From ����� ���� and ���� it follows that for any t � C��� the map b#t is
nonsingular on bB��� ��C�U�t�� and satis�es

jb#t�z�� zj � 	

�
� z � bB���

	

�
C�U�t�����
�

b#t� bB���
	

�
C�U�t��� � bB��� C�U�t�������

�
tb#�

t �z� 
 �� z � bB���
	

�
C�U�t�����	�

By the de�nition� b#t depend on t smoothly� We let

���� "t � #t � b#t  bB���
	

�
C�U�t�� ��M�

Since b#t is nonsingular on bB��� ��C�U�t�� and #t is nonsingular onbB��� C�U�t��� from ���� and ��	� we know that f"tjC�� � t � ��g is a
family of nonsingular �nondegenerate� holomorphic maps frombB��� ��C�U�t�� to M � which depends on t smoothly� From �	��� �����
���� and ��
� it follows that for any t � C���

�t�x��"t���� �	

�

�
	 �

C��

U�t��

�
����� �

	� C�

U�t��

�
dbs� �"�

t �ds
�
t � �

�
	 �

C�

U�t��

�
dbs������

on bB���
	

�
C�U�t���

where � � C� � �� is a constant depending only on n� k�� � and C��
Since U�t� ���� as t ����� we get

Lemma 	��� There exist constants � � C��� C�� � �� depending
only on n� k�� � and C� such that f"tjC�� � t � ��g is a family of
nonsingular 	nondegenerate� holomorphic maps from bB��� C��U�t�� to
M � which depends on t smoothly and satis�es

�t�x��"t���� � 	� C�� � t � �������

	

�
dbs� � "�

t �ds
�
t � � �dbs�� on bB��� C��U�t�������

C�� � t � ���
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By assumption ��� the sectional curvature of gij�x� �� is strictly pos�
itive on M � Thus from the result of D� Gromoll and W� Meyer ��	�� M
is di�eomorphic to R�n� Using the result of R�E� Greene and H� Wu
�	
�� we know that M is exhausted by a family of convex domains� M
is a Stein manifold� Namely� there exists a family of domains �k � M

for k � 	� �� �� � � � such that �k is convex with respect to the metric ds��
for every k � 	 and satis�es

�i� �k � �k��� k � 	� �� �� � � � �����

�ii� B��x�� �k� � �k � B��x�� �k�� k � 	� �� �� � � � �����

where �� � �� � �� � � � � is a sequence of increasing positive numbers�
Since U�t� ���� as t ����� for any integer k � 	� we can �nd a

number tk such that

�i� C�� � tk � tk��� k � 	� �� �� � � � ���
�

�ii� C��U�t� � ��k � �� tk � t � ��� k � 	� �� �� � � � �
����

For any t � �t����� from Lemma 
�� it follows that "t is a holomorphic
map from bB��� C��U�t�� to M � which is nonsingular at every point z �bB��� C��U�t��� Thus "t is a holomorphic covering map and is locally
biholomorphic on bB��� C��U�t��� By ����� ���� and ����� there exist a
small neighborhood Wt of x� on M and a biholomorphic map �t from
Wt to �t�Wt� � C n such that

�i� "t��t�x�� 
 x� x � Wt���	�

�ii� j�t�x��j � ������

Since "t depend on t smoothly� we can choose �t such that �t depend
on t smoothly� For any integer k � 	 and any t � �tk���� from ���� and
Lemma 
�	 �D� we have

���� x� � �k � B��x�� �k� � Bt�x�� �k��

Since �k is convex with respect to the metric ds��� �k is simply con�

nected� Since "t is locally biholomorphic on bB��� C��U�t��� from �����
��
�� ����� ��	�� ���� and ���� we know that for every t � �tk���� there
is a unique biholomorphic map �k�t from �k to �k�t��k� � C

n such that

�i� "t��k�t�x�� 
 x� x � �k�����

�ii� j�k�t�x�j � ��k � �� x � �k�����

�iii� �k�t�x� � �t�x�� x � �k �Wt�����
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Since �t depend on t smoothly� we know that �k�t depend on t smoothly
for tk � t � ��� By the uniqueness of holomorphic extension and ����
we get

���� �m�t�x� � �k�t�x�� x � �k � m � k � 	� tm � t � ���

Lemma 	��� For any integer k � 	 and any tk � t � ��� �k�t��k�
is a bounded domain and is Runge in C n �

Proof� By ����� �k�t��k� is a bounded domain in C
n � A domain

� � Cn �not necessarily pseudoconvex� is said to be Runge in C n if every
holomorphic function on � can be approximated by entire functions�
uniformly on compact sets in �� Suppose f�z� is a holomorphic function
on �k�t��k�� we want to prove that f�z� can be approximated uniformly
on compact subsets by entire functions� Since �k�t is biholomorphic
in �k� f � �k�t is a holomorphic function in �k� Since �k is a convex
domain in the Stein manifold �M� ds���� using the � theory appeared in
���� we know that f � �k�t can be approximated uniformly on compact
subsets of �k by holomorphic functions h�x� de�ned on M � Thus from
����� ���� and ���� it follows that f can be approximated uniformly on
compact subsets of �k�t��k� by holomorphic functions h � "t de�ned

on bB��� ��k � ��� Since bB��� ��k � �� is a standard ball in C
n � using

the � theory appeared in ���� again we know that those holomorphic
functions h � "t can be approximated uniformly on compact subsets ofbB��� ��k � �� by entire functions� Therefore f can be approximated
uniformly on compact subsets of �k�t��k� by entire functions� Thus
�k�t��k� is Runge in C n � q�e�d�

For any integer k � 	� we have already constructed biholomorphic
maps �k�t from �k into C n � Now we want to construct the global bi�
holomorphic map from M into C n � To do this we use the results of
Andersen�Lempert �	� and Forstneric�Rosay �	�� in 	

� and 	

�� In
their papers �	� and �	�� some approximations of biholomorphic maps
by automorphisms of C n were obtained� By ����� B��x�� �� � ��� Since
f���tjt� � t � t�g is a family of biholomorphic maps from �� into C n

which depends on t smoothly� thus there exists a constant a� � � such
that

���� j���t�x�� ���t�y�j � a����x� y�� t� � t � t�� x� y � B��x�� ���

where ���x� y� is the distance between x and y with respect to the metric
ds��� We de�ne

��
� ft�z� � ���t��
��
��t�

�z��� z � ���t������ t� � t � t��
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Then fftjt� � t � t�g is a family of biholomorphic maps from ���t�����
into Cn � which depends on t smoothly and satis�es

�i� ft��z� � z� z � ���t����������

�ii� ft����t������ � ���t����� t� � t � t����	�

For any t� � t � t�� by Lemma 
��� ���t���� is a bounded domain and is
Runge in Cn � Using the results of Andersen�Lempert �	� and Forstneric�
Rosay �	�� we know that fftjt� � t � t�g can be approximated uniformly
on compact subsets of ���t����� by families fhtjt� � t � t�g of auto�
morphisms ht of C n � which depend on t continuously and piecewise
smoothly� and satisfy

���� ht��z� � z� z � C n �
Thus f���tjt� � t � t�g can be approximated uniformly on compact
subsets of �� by families fht ����t� jt� � t � t�g of biholomorphic maps
ht����t� from �� into C n � which depend on t continuously and piecewise
smoothly� and satisfy

���� ht� � ���t��x� � ���t��x�� x � ���

The approximation of ���t by ht ����t� comes from ���� and ��
�� Since
B��x�� �� � ��� using the derivative estimate for holomorphic functions
we see that if ���t�ht ����t� is very close to zero on B��x�� ��� then the

derivatives of ���t�ht����t� are very close to zero on B��x�� ��� Therefore
there exists a family f���tjt� � t � t�g of biholomorphic maps ���t from
�� into Cn which depends on t continuously and piecewise smoothly
such that

�i� j���t�x�� ���t�x�j � 	

�
� x � B��x�� ��� t� � t � t��

����

�ii� j �r����t�x�� ���t�x��j � 	

�
a�� x � B��x�� ��� t� � t � t��

����

where �r denote the covariant derivatives with respect to the metric ds���
For any two points x� y � B��x�� 	�� we can �nd a geodesic $ from x to
y such that the length of $ is equal to ���x� y� � �� Thus $ � B��x�� ���
which together with ���� implies

j����t�x�� ���t�x��� ����t�y�� ���t�y��j
� 	

�
a����x� y�� x� y � B��x�� 	�� t� � t � t������
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Combining ���� and ���� we get

j���t�x�� ���t�y�j � �

�
a����x� y��

x� y � B��x�� 	�� t� � t � t������

By the construction�

���� ���t�x� � ht����t��x��� x � ��� t� � t � t��

where ht are automorphisms of C n � Thus

��
� ���t���� � ht����t������� t� � t � t��

By Lemma 
��� ���t����� is a bounded domain and is Runge in C
n �

Thus for any t� � t � t�� ���t���� is a bounded domain and is Runge
in C

n � From ���� and ���� it follows that f���tjt� � t � ��g is a
family of biholomorphic maps ���t from �� into Cn � which depends on t
continuously and piecewise smoothly� By ��
� and Lemma 
�� we know
that for any t� � t � ��� ���t���� is a bounded domain and is Runge
in C n �

Now we repeat the process� For any integer k � �� using the results
in �	� and �	�� we can �nd a family f�k�tjt� � t � tkg of biholomor�
phic maps �k�t from �k into C n which depends on t continuously and
piecewise smoothly such that

�i� f�k�tjt� � t � ��g depends on t continuously and piecewise

smoothly�

�ii� For any t� � t � ��� �k�t��k� is a bounded domain and

is Runge in C n �

�iii� j�k�t�x�� �k���t�x�j �
�

	

�

�k��
� x � B��x�� �k� ���

����

t� � t � tk �
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�iv� j��k�t�x�� �k���t�x��� ��k�t�y�� �k���t�y��j

�
�

	

�

�k��
ak�����x� y����	�

x� y � B��x�� k � 	�� t� � t � tk�

where ak�� is a constant such that

� � ak�� � ak�� � � � � � a� � a������

j�k���t�x�� �k���t�y�j � ak�����x� y������

x� y � B��x�� �k� ��� t� � t � tk�

By ��	�� ���� and ���� we get

j�m�t�x�� �m�t�y�j � �

�
ak���x� y��

x� y � B��x�� k�� t� � t � tk��� m � k � 	�����

Using ���� we obtain

j�m�t�x�� �k�t�x�j �
�

	

�

�k��
� m � k � 	�

x � B��x�� �k�� t� � t � tk�������

From ���� it follows that f�k�t�jk � 	� �� �� � � �g converges uniformly
on compact subsets of M to a holomorphic map � from M into C n 

���� ��x� � lim
k����

�k�t��x�� x �M�

By ���� we have

���� j��x�� ��y�j � �

�
ak���x� y�� k � 	� x� y � B��x�� k��

Thus �  M ����M� � C n is a biholomorphic map since ak � � for any
k � 	� Since M is a Stein manifold by the result of Greene�Wu �	
��
��M� is a pseudoconvex domain in C n � Hence the proof of Theorem
	�� is complete�
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